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Abstract

First passage time models describe the time it takes for a random process to exit a region of interest and are widely used
across various scientific fields. Fast and accurate numerical methods for computing the likelihood function in these models
are essential for efficient statistical inference of model parameters. Specifically, in computational cognitive neuroscience,
generalized drift diffusion models (GDDMs) are an important class of first passage time models that describe the latent
psychological processes underlying simple decision-making scenarios. GDDMs model the joint distribution over choices and
response times as the first hitting time of a one-dimensional stochastic differential equation (SDE) to possibly time-varying
upper and lower boundaries. They are widely applied to extract parameters associated with distinct cognitive and neural
mechanisms. However, current likelihood computation methods struggle in common application scenarios in which drift
rates dynamically vary within trials as a function of exogenous covariates (e.g., brain activity in specific regions or visual
fixations). In this work, we propose a fast and flexible algorithm for computing the likelihood function of GDDMs based on
a large class of SDEs satisfying the Cherkasov condition. Our method divides each trial into discrete stages, employs fast
analytical results to compute stage-wise densities, and integrates these to compute the overall trial-wise likelihood. Numerical
examples demonstrate that our method not only yields accurate likelihood evaluations for efficient statistical inference, but
also considerably outperforms existing approaches in terms of speed.

Keywords First passage time - Drift diffusion model - Attention - Likelihood-based inference - Numerical methods -
Cherkasov condition

1 Introduction

First passage time models (also known as first hitting time
models) are a fundamental class of stochastic process models
that describe the time it takes for a random process to exit a
region of interest. These models are widely used in various
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fields, including physics, finance, biology, and cognitive sci-
ence, to analyze phenomena such as the time until a stock
hits a particular price level, the time it takes for a neuron
to fire, a survival time of a transplant patient, or the time to
reach adecision barrier that triggers a choice in psychological
experiments (Bhattacharya and Waymire 2021; Metzler et al.
2014; Gardiner 2009; Lee and Whitmore 2006). Accurately
computing the density of the first passage time is crucial for
the practical application of these models, such as in scientific
hypothesis testing and parameter estimation. Since analyti-
cal solutions for many complex real-world first passage time
models are unavailable, effective numerical methods are an
indispensable part of the computational toolkit for applying
these models. In this paper, we introduce a fast and flexible
method for computing the first passage time density in a large
class of models arising in cognitive neuroscience, mathemat-
ical psychology, and economics.

Consider a psychological experiment in which a subject
must choose between two alternatives, A and B. The exper-
imenter records both the choice and the time taken to make
it. A common approach to modeling this behavior is through
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a stochastic process X (¢) that starts at zero and evolves ran-
domly over time until it first reaches +a or —a, where a is
the evidence threshold. The choice (A vs. B) is modeled by
which boundary is hit (+a vs. —a) and the response time is
modeled by the first hitting time (Fig. 1).

A widely used model for X () is a Brownian motion with
drift

X(t) = ut + W(),

where W (¢) is a standard Brownian motion. The drift rate u
quantifies the strength of the evidence that favors A over
B and affects the joint distribution of the choice and the
response time. Models such as this are often called drift dif-
fusion models (DDMs) (Ratcliff and McKoon 2008; Fengler
et al. 2022) and written in differential form, such as,

dX(t) = pdr + dW (@) (1

with the initial condition X (0) = 0.

This basic DDM can be modified in a variety of ways
to better model experimental data and test theories about
the biological processes underlying decision making. For
instance, the boundaries (+a) can be asymmetric and vary
over time to reflect changing pressures to make a decision;
the starting position X (0) can be nonzero or random, rep-
resenting an initial decision bias; the drift rate towards the
boundaries can depend on the presented options and vary over
time; and the random process X (¢) can have more compli-
cated stochastic dynamics than Brownian motion (Fengler
et al. 2022; Usher and McClelland 2001; Malhotra et al.
2018; Palestro et al. 2018; Evans et al. 2020). We adopt the
terminology from Shinn et al. (2020) and call these mod-
els generalized drift diffusion models (GDDMs). Simple,
computationally tractable versions of GDDMs have found
widespread use in cognitive neuroscience and mathemati-
cal psychology (Ratcliff 1978; Ratcliff and McKoon 2008;
Frank et al. 2015; Doi et al. 2020; Yartsev et al. 2018). While
more complex versions of GDDMs have been proposed to
encode a broader range of scientific hypotheses, their quanti-
tative assessment and applications are currently limited due
to computational challenges in parameter estimation (Fengler
et al. 2022). In particular there do not exist fast algorithms
for calculating the likelihood function of the parameters (i.e.,
the probability density of the hitting time on the boundary
reached) in some of the more complex GDDMs that are cur-
rently of scientific interest (Krajbich et al. 2010; Ging-Jehli
et al. 2025; Pagnier et al. 2024; Kuhn et al. 2025).

Computational speed is crucial in many cases for the fol-
lowing reason: As noted in Lee and Whitmore (2006), first
passage time models commonly incorporate covariates that
may vary across individuals and even across individual tri-
als. This is particularly relevant in computational cognitive
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neuroscience, where the precise specification of the GDDM
might change every time a subject makes a choice, i.e., in
each experimental trial. An experiment with, say, 50 sub-
jects, each completing 200 trials, might require evaluating
the likelihoods of 10* different versions of the GDDM to get
the overall dataset likelihood. For instance, in equation (1)
the drift rate ;« might be different on every trial if the choices
presented to subjects are different on every trial. The prob-
lem becomes even more difficult when the trial-specific drift
rate can vary dynamically within a trial.

For a specific example, our original motivation to study
this problem stems from attentional drift diffusion models
(aDDMs)(Krajbich et al. 2010), which have been proposed
as a generative model for investigating how visual attention
influences decision making. In aDDMs, the drift rate ()
in each trial is allowed to covary on a moment-by-moment
basis, depending on the subject’s eye movements toward one
choice option or another, which are also recorded in the
experimental setup. The entire shape of n(#) changes dra-
matically on every trial. This model is a generic example
of the general class of GDDMs where instantaneous within-
trial dynamics can be based on exogenous covariates such as
brain activity or eye gaze position, hence complicating the
numerical procedures for computing the first passage time
densities and further applications. On top of this, statistical
inference tasks would still require repeated evaluations of the
total dataset likelihood at different parameter values, both in
frequentist and Bayesian frameworks. In particular, hierar-
chical Bayesian inference is widely employed in cognitive
science to estimate both group- and subject-level parame-
ters simultaneously (Wiecki et al. 2013; Fengler et al. 2022).
The heavy reliance on iterative Markov chain Monte Carlo
(MCMC) methods in this setting further intensifies the need
for fast likelihood evaluations.

In this paper we introduce fast algorithms for accurately
approximating the probability density of the hitting time in
a class of GDDMs that have continuous lower and upper
boundaries, £(¢) and u(¢), and with dynamics that satisfy the
1td’s stochastic differential equation (SDE)

dX (1) = (X @), ) dt + o (X (1), t) AW (r) 2)

for possibly random X (0) and for functions p and o satis-
fying the so-called Cherkasov condition (Cherkasov 1957;
Ricciardi 1976). Loosely speaking, the Cherkasov condition
means that the complicated SDE in equation (2) can be trans-
formed into a simpler SDE more akin to equation (1). A
special case that includes many cases of practical interest,
such as the aDDM, is when @ and o depend only on ¢ and
not on X (t)'. There exist numerical approaches and soft-

I'In the cognitive science context, the terminology “DDM" is typ-
ically adopted to denote these models that directly integrate noisy
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Fig.1 The simple DDM in the
context of a canonical
experiment in cognitive science,
the dot-motion task. The DDM
serves to represent the cognitive
process underpinning the
choices in this experiment. The
task explicitly given to
participants: Decide if the
majority of dots on the screen
are moving up or down. We
show trajectories of the
corresponding SDE,

dX(t) = pdt + dW(r), in red,
and example decision points as
red stars. The first hitting times
distributions f,(¢), f¢(¢) for the
corresponding choices (up,
down) are shown above the
decision boundaries {+a, —a}

majority
motion up

majority
motion down

Decision Scenario

ware for approximating hitting time densities in models even
more general than equation (2), but in many cases they are
currently too slow for practical use in real-world psycholog-
ical experiments.

Our approach shares some conceptual similarities to a line
of previous work (Wang and Potzelberger 1997; Novikov
et al. 1999; Potzelberger and Wang 2001; Wang and Potzel-
berger 2007; Jin and Wang 2017). Both those methods and
ours transform the problem into a canonical representation,
subdivide time into discrete stages that allow for analytical
approximations, compute the final approximation through
integration over these stages, and then map the result back
to the original problem. However, none of these earlier
approaches are directly applicable to our setting or capa-
ble of statistical computation at the scale of the present work
(see Section 3). In contrast, by leveraging accurate analytical
results and numerical integration in a sequential manner, our
semi-analytical-numerical approach achieves substantially
higher computational efficiency. As shown in Section 5.4.1,
it only requires microseconds for our method to evaluate a
single likelihood value in a realistic aDDM example. These
innovations and efficiency gains are crucial for practical
likelihood-based inference in modern experimental settings.

The remainder of this article is structured as follows. Sec-
tion 2 begins with a mathematical description of the GDDM.
Section 3 summarizes previous work related to this paper,
including other efforts to address the computational chal-
lenges in first passage time models. In Section 4, we introduce
our proposed method for computing the first passage time
density in certain GDDMs, starting with analytical results

Footnotel contiuned

accumulating evidence. The more general model in equation (2),
including some examples shown later in this paper (e.g., the Ornstein-
Uhlenbeck model), fall within the GDDM framework.
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for simple DDMs, then combining them sequentially based
on Markovian properties. We also apply variable transfor-
mations and piecewise linear approximations to extend the
method to more complex GDDMs, including those that allow
for position-dependent drift and diffusion terms as well as
dynamic decision boundaries (Usher and McClelland 2001;
Fengler et al. 2022; Ging-Jehli et al. 2025). Section 5 shows
several numerical examples that demonstrate the speed and
accuracy of our method for both likelihood computation and
statistical inference tasks. Section 6 summarizes the present
work, including its applicability and suggestions for future
work. It is worth mentioning that while our examples are
drawn from cognitive neuroscience and mathematical psy-
chology, the method we propose is equally applicable to first
passage time models in other fields. For instance, it could
be extended to financial applications such as pricing double
barrier options (Lin 1998), as well as other areas where first
passage times play a critical role.

2 Drift diffusion model

Here we present a mathematical description of GDDMs. Let
W (t) be a one-dimensional standard Brownian motion and let
X (1) be a (weak) solution of the It6’s stochastic differential
equation (SDE) in equation (2) associated with W (¢), where
X (0) is independent of W. Let u(¢) and £(¢) be two continu-
ous functions representing the upper and lower boundaries,
respectively, satisfying P(£(0) < X(0) < u(0)) = 1 and
£(t) <u(t) forallt > 0.

In this setting, we aim to study the joint distribution of
the first exit time of X (#) from the time-dependent region
(€(t), u(t)) and the specific boundary exited (i.e., which
choice is made). The first exit time is denoted as T = inf{r >

@ Springer
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0: X() ¢ (£(t),u(t))}, and the boundary hit is denoted
as C, which takes values in the symbol set {u, £} to repre-
sent which boundary is hit. The event of X (¢) hitting the
boundary C at time T models the participant’s decision to
choose option C at time t. The event {t = oo} can never be
observed in practice, so we do not explicitly discuss it below.
If P(t = o0) > 0, then the probability density functions
of 7 discussed in this paper are technically sub-probability
density functions that integrate to P(t < 0o) < 1. This does
not affect any of the calculations needed for likelihood-based
inference.
We denote the sub-probability density functions

Jult) = %P(T <t,C=u)

d
i) =P =1,C=10

as the first passage time densities (FPTDs) on the upper
boundary and lower boundary?, respectively, implicitly
assuming throughout sufficient regularity conditions on the
model for these densities to exist (see the sufficient condi-
tions for density existence in Ferebee 1982; Strassen et al.
1967). The marginal density of 7 is thus given by %P(‘C <
t) = fu(t) + fe(¢). With this notation, we can write the joint
probability density of (z, C) as

ft,0) = fu® L) + fe®)Lg(o), ©)

where 1 g (w) is the indicator function of E thatis 1 if w € E
and 0 otherwise.

If we consider the possible truncation of the process att =
T < oo, then the first exit from the open interval (€(¢), u(t))
occurs either through the upper boundary u(¢) before T (i.e.,
the event {t < T, C = u}), through the lower boundary £(¢)
before T (i.e., the event {t < T, C = ¢}), or does not occur
before T (i.e., the event {r > T'}), in which case the process
remains inside (£(¢), u(¢)) up to T and reaches the truncation
boundary # = T. These three mutually exclusive outcomes
give rise to three sub-probability densities:

o fu(t)1L,r)(t): the FPTD on the upper boundary u(z),
truncated att = T'.

o fe(t)L(o,7)(t): the FPTD on the lower boundary £(z),
truncated att = T.

e g(x) = d%]P’(X(T) < x,t > T): the density of the
process’s position at time 7', provided that it has not hit

2 Note that “first passage time density on the upper (lower) boundary"
is sometimes interpreted as the density of 7, = inf{tr > 0 : X(¢) >
u(t)}(ry = inf{t > 0: X(¢) < £(¢)}) when only considering one upper
boundary u(¢) (lower boundary £(¢)). In this case T = 7, A 7¢. These
quantities represent different aspects compared to our definition of the
FPTD on the upper and lower boundaries and should not be confused.

@ Springer

either upper or lower boundary yet. We refer to g as the
non-passage density (NPD) at T'.

By the conservation of total probability we always have

T T u(T)
/ fu(t)dt+/ folt) dt+f g(x)dx =1
0 0 r)

for any T > 0. Define the non-passage probability (NPP) at
T to be

u(T)

OQ=Pt>T)= / q(x)dx. @)

«T)

Q isuseful in settings where the process is artificially stopped
whenever t > T. For instance, in some psychological exper-
iments, subjects may be required to respond within a certain
amount of time 7', otherwise the trial ends with the outcome
“non-response” and the NPP Q is the probability of non-
response.

The goal of this paper is to obtain a fast and accurate
numerical approximation of the joint density f (¢, ¢) in equa-
tion (3) and the NPP Q in equation (4). To this end, we
develop fast numerical approximations of FPTDs and NPDs,
the latter of which are needed for intermediate calculations
in our approach.

As mentioned in the Introduction, we are motivated by
practical problems for which we need to evaluate many
different joint densities (3). We define & = {u(-),o("),
u(-), £(-), qo(-)} to be the configuration of a GDDM, where
qo is a representation for the distribution of X (0), usually
a probability density function or a point mass at a deter-
ministic starting point xo. In statistical applications, & will
depend on unknown parameters and known covariates, some
of which might vary within and across each trial. If the i-th
trial results in the observation (t;, C;), then the contribution
to the likelihood for that trial is f(z;, C; | E;). This is sim-
ply the FPTD on the boundary C; evaluated at time 7; using
the GDDM configuration E; for the i-th trial. In experiments
with a time limit, some trials might result in non-response, in
which case the contribution to the likelihood is the NPP for
that GDDM configuration, say Q; = Q(Z;). Consequently,
denoting R; = 1{a response on trial i}, the likelihood func-
tion is then given by’

Lepom(@ | (i, C)F_)) =

i=1

3 The statistical model for 7 here is a mixed distribution consisting of
a continuous part supported on T € (0, T'] (response) and a point mass
at T > T (no response). Mixed likelihoods of this form are common in
survival analysis, for example see the Section 2.2 of Lawless (2011).
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A usual experiment in the cognitive sciences, where GDDMs
are ubiquitously applied, produces a dataset with thousands
or tens of thousands of trials (across multiple subjects). Con-
sequently, fast and accurate methods for evaluating FPTDs
and NPPs are crucial for the practical use of likelihood-based
inference in these models.

3 Related work

We briefly review some commonly used computational meth-
ods for calculating the density or distribution of first passage
times in GDDMs.

Analytic or semi-analytic methods. For certain simple
DDMs, analytic formulas for the first passage time densities
or distributions can be derived, often in the form of infinite
series. These methods are fast and accurate, but are typically
applicable only for very specific cases. For example, they
are available for the standard DDM where all parameters
i, o, xg, u, £ are constant (Navarro and Fuss 2009; Blurton
et al. 2012; Gondan et al. 2014). More recently, Srivastava
et al. (2017) used martingale theory to derive closed-form
formulas that extend certain theoretical analyses to GDDMs.

The approach in this paper is based on numerically extend-
ing these fast special cases to much broader classes of
GDDMs. Along this line, earlier works (Wang and Potzel-
berger 1997; Novikov et al. 1999; Potzelberger and Wang
2001; Wang and Potzelberger 2007) computed NPPs, while
Jin and Wang (2017), Ichiba and Kardaras (2011), and the
present work target FPTDs, although Jin and Wang (2017)
and Ichiba and Kardaras (2011) restrict attention to the spe-
cial case of a one-sided boundary. The FPTD case is more
challenging but also more useful for statistical inference since
itdirectly gives the likelihood. A key limitation of many prior
approaches (Wang and Potzelberger 1997; Potzelberger and
Wang 2001; Wang and Pétzelberger 2007; Ichiba and Kar-
daras 2011; Jin and Wang 2017), is that they rely on Monte
Carlo integration, which is infeasible for large-scale real-
world applications.

Numerical solutions of governing equations. These
methods exploit the known connections between diffusion
processes and partial differential equations (PDEs), called
Kolmogorov equations (see the Chapter 8 of Weinan et al.
2021 for an introduction, and Chapter 5.7 of Karatzas
and Shreve 2014 for a mathematically rigorous treatment).
Both the Kolmogorov forward equation (KFE, also known
as Fokker-Planck equation in physics) (Shinn et al. 2020;
Diederich and Busemeyer 2003) and the Kolmogorov back-
ward equation (KBE) (Voss and Voss 2008, 2007) have been
exploited to derive the FPTDs. Moreover, the first passage
time problem can be formulated into Volterra integral equa-
tions of renewal type (Smith 2000; Peskir 2002), where
applications to DDMs (Smith and Ratcliff 2022; Panin-

ski et al. 2008) have also been explored. In these works,
numerical methods, particularly finite difference methods
(Thomas 2013), have been developed to solve these equa-
tions, enabling the efficient computation of FPTDs in certain
cases. Other numerical methods like discontinuous Galerkin
methods have also been considered, see Patie and Winter
(2008) and references therein. However, these approaches
remain computationally expensive, especially in settings
where the GDDM configuration differs across trials, includ-
ing but not limited to cases with trial-specific covariates that
vary dynamically over time. For a comprehensive review of
these methods, we refer readers to Richter et al. (2023).

Stochastic simulation. Methods that can sample from
the hitting time distribution of the target GDDM can be
used to approximate FPTDs via density estimation. Efficient
methods for exact sampling are challenging; see Herrmann
and Zucca (2020, 2022) and the references therein. If
the goal is statistical inference, then these sampling algo-
rithms can be incorporated into a variety of simulation-based
inference (SBI) procedures; see Cranmer et al. (2020) for
review and Fengler et al. (2021) for an SBI example with
DDMs. Nevertheless, the Monte Carlo methods underly-
ing SBI are computationally intensive and can become
impractical for large datasets, particularly when E involves
high-dimensional parameters or covariates that vary dynam-
ically over time and across trials.

4 Main methods
In this section, we present our main algorithm for computing
FPTDs and NPDs. We begin by studying a simple case where

analytical results are known in Section 4.1 then generalize it
to more complicated cases in Sections 4.2—4.5.

4.1 Single-stage model

We consider the Brownian motion with drift

dX(t) = pdt +0dW(t) (5)
starting at xo. There are two linear absorbing boundaries
lower: £(t) = apy + byt

upper: u(t) = ay + bit,

with a» < xo9 < ap, and, additionally, a truncation boundary
at t+ = T such that £(t) < u(t) on [0, T). We name this
the “single-stage model" as it is the building block of our
method.

@ Springer
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Hall (1997) derives the following analytical formulas* for
FPTDs and NPDs in the single-stage model for the special
case when xo = 0 and 0 = 1: We define a = @, b =

@, c=a) —ap, b:@,then

e The FPTD on the upper boundary u(¢) is given by

basic /. —
[ w, a1, b1,a2,02, T) =
1 e—?a%-{—al&,—%ﬁfz‘

2713 (6)

1

o
Z(—1)~’aje<g_z)a’2]l(o,T](f)
=0

where §, = u — b1, aj = (j + e+ (=Da.
e Similarly, the FPTD on the lower boundary £(¢) is given
by

FES(t; wyar, by, az, by, T) =
1
e
23 @)
> S (b_1)g2
Z(—l)’ﬂﬂ(C 2’)ﬁ’ﬂ(o,T](t)
=0

b 2 1¢2
—ay—axd—5 0851t

where 8 = —u + by, B = (j + 3)c — (=)a.
e Letting y = x — bT, the NPD at the vertical boundary
t =T is given by

q®(x; w, ar, by, az, by, T) =
1
2n T

— — 2
e(u—b)x—ng—b2>T{e—yT+

M

. (y—2jc)?
|:e4bj(jc—ﬁ)—)2T”

1

~
I

. . (v+2jc—2a1)? (8)
e2bQ2j=D(je—ay)— ===

o G20
e4bj(]c+a)_T

y—2jc—2an)?
ezb<2j—1)<jc+az)—(-‘2’§ﬁ””} }

Leeery,u(ry) ().

For the single-stage model (5) with a nonzero starting point
xo and a diffusion coefficient o that does not equal 1, it
is straightforward to obtain its FPTDs and NPD by some
shifting and scaling: For notational convenience we further

4 Another work along this direction is Anderson (1960). We adopt the
results in Hall (1997) since they are simpler and were shown to agree
with those of Anderson (1960). Equation (9), (10), and (11) have been
slightly rewritten for use in this paper, compared to their original form
in Hall (1997).

@ Springer

let B = (ay, by, ay, by, T) denote the collection of all the
boundary parameters, then we have

single .
u » U, 0, O, =
Ju =t 0, B, x0) =
basic(,. 4 ai—xo b1 ax—xo by
e R )] ©)
single ,_ .
f[ (t9:u/10-78’-x0)=
basic(,. . ai—xo by ax—xo by
f( (t9o-7 o Y g ? o Y g ? )1 (10)
ingl
1 basic{x—xo. b a1—xo b1 ar—xo ba (11)
oq o Yo’ o ’o’ o ’o’ .

An illustration of the single-stage model is shown in Fig-
ure 2(a).

4.2 Integrated single-stage model

The single-stage model uses X (0) = xp deterministically.
If, instead, X (0) is random, then the corresponding FPTDs
and NPDs can be obtained by taking the expectations of (9),
(10), and (11) over the distribution of X (0). We call this the
integrated single-stage model. If the distribution of X (0)
has a probability density function g supported on (az, aj),
then FPTDs and NPDs for the integrated single-stage model
are

it w, 0, B, qo) =
aj .
f FImEe (1, 0, B, x0)qo(x0) dxo,
an
£t 1, 0, B, qo) =

ar . 12
/ fgsmgle(t; W, o, B, x0)qo(xo) dxo, (12
az

¢™(x: . 0, B, qo) =

ar
/ ¢* "€ (x; u, o, B, x0)q0(x0) dxo.
a

2

An illustration of the integrated single-stage model when
X (0) has a probability density function is shown in Fig-
ure 2(b). When X (0) is a discrete random variable, we abuse
notation and allow gy = ij':l w0 dx, ; o be a weighted
sum of point masses, where (wo1, ..., woy) is a probability
mass function on (xo1, .. ., Xos) and § is the Dirac delta gen-
eralized function, so that equation (12) still holds formally.
For instance, when gg = d,, we have fuim(t; w,o,B,q0) =
fuSlngle (t; i, o, B, x0) and similarly for fgm and ¢™, so that
a single-stage model can be viewed as a special case of the
integrated single-stage model. We use the same definitions
and formulas in equation (12) when g is a sub-probability
density function, and this usage forms the basis of our multi-
stage model below.
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time ¢

6 T
(a) Single-stage model

Fig.2 (a) A single-stage model is a GDDM with constant drift © and
two linear boundaries u(t), £(¢) starting at x = xo and truncated at
t = T. The process can hit one of u(¢) and £(¢) before T, or hit neither.
This results in three distinct sub-probability distributions, correspond-
ing to these three outcomes, with their sub-probability densities plotted
by red, purple, and green curves along the boundaries. Sample trajec-
tories, colored to match their respective outcomes, are also displayed.
The blue line represents the expected value of the process, given by
E[X(t)] = xo + pt. In a single-stage model the total area under the

4.3 Multi-stage Model

We define multi-stage models to be GDDMs with piecewise
constant drift coefficient, piecewise constant diffusion coef-
ficient, and continuous piecewise linear boundaries, which
can be divided at their segment points such that each stage
reduces to an integrated single-stage model. To be specific,
a d-stage model is a stochastic process

dX (1) = p(t) dt + o () dW (1)

stopped by a continuous piecewise linear upper boundary
u(t), a continuous piecewise linear lower boundary €(¢) and
a vertical boundary t = T¢;q, Where p(7) is a piecewise con-
stant drift function and o () is a piecewise constant diffusion
function. Let 0 < #; < -+ < tg—1 < Tepg be the d — 1 seg-
ment points for u(t), o (¢), u(t) and £(¢) prior to Teng, and
define tg = 0 and t; = Teng. Then w(z), o (t), u(t) and £(t)
can be defined as

wu(t) = pi
o(t) = ok
u(t) = agy + br1 (t — tx—1)
£(t) = ax2 + bra(t — tg—1)

whentp_1 <t <1ty

time ¢

<>
e

(b) Integrated single-stage model

three sub-probability density curves sums to 1. (b) The integrated model
extends the single-stage model by introducing random variability in the
initial position X (0). The expected value of the process in this model
is given by E[X (t)] = E[X(0)] + ut, represented by the blue line. The
density of X (0), denoted by gy, is illustrated by the grey curve. We allow
qo to be a sub-probability density function. In an integrated single-stage
model, the total area under the three outcome sub-probability density
curves sums to the area under the initial grey curve

for 1 < k < d. Note that we must have ay; + b1 (fx —
tri—1) = axy1,1 and agz + bro(ty — tx—1) = agy1,2 for 1 <
k < d — 1 to ensure the continuity of u(¢) and £(¢). We
denote the process during time interval (fx_, tk] to be the
k-th (integrated single) stage, which has a drift coefficient
Uk, diffusion coefficient oy, and boundary parameters 5; =
(ak1, bx1, ak2, bko, Ty =t — tr—1), for 1 < k < d. By the
Markov property, the NPD ¢™™ in equation (12) from the
(k — 1)-st stage becomes the initial position density go of
the k-th stage. Since the process could have hit the upper
or lower boundary in an earlier stage, the NPD is a sub-
probability density function, which is why we allowed g to
be a sub-probability density function in the definition of the
integrated single-stage model.

To compute the FPTDs and NPDs of a multi-stage model,
we first divide the multi-stage model into several integrated
single-stage models and then proceed sequentially: For the
first stage, the initial position X (0) has the same distribution
as that of the considered multi-stage model (deterministic
or random). Starting from the second stage, the NPD from
the previous stage becomes the initial position distribution
of the current stage. The FPTDs of each stage correspond
exactly to the FPTDs of the original multi-stage model over
the corresponding time interval. An illustration of the sequen-
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tial computation is presented in Figure 3. In settings with the
possibility of non-response before Tenq, we can also compute
the NPP Q at T;q by integrating the final NPD. Specifically,
recalling that the density of T on the upper and lower bound-
aries is denoted as f,(t) and fy(t), respectively, then we
can write the whole sequential algorithm as Algorithm 1. A
formal derivation of the validity of the algorithm uses the
Markov property and the Chapman-Kolmogorov equation
with each single-stage model behaving like a sub-probability
Markov transition kernel from one stage boundary to the next.
We give a concrete example illustrating the complete com-
putation process of applying Algorithm 1 to a multi-stage
model in Figure 4.

For multi-stage models, Algorithm 1 is exact in the sense
that the only error is the numerical error. We note, however,
that equations (6) and (7) are singular at + = 0, which can
lead to numerical overflow/underflow in Algorithm 1 if the
observation time ¢ € (#¢—1, tx] is very close to #;_1. In prac-
tical scenarios, this issue can usually be avoided via data
post-processing that slightly inflates the value of any ¢ that
happens too close to the beginning of a stage. This will have
negligible impact on parameter estimation, particularly in
cognitive scientific applications where any numerical cor-
rections are going to lie well within the measurement error
of participant reaction times.

4.4 Approximating with the Multi-stage Model

For GDDMs of the same form as the multi-stage model, but
with boundaries that are not piecewise linear, it is natural
to consider approximating the GDDM with a multi-stage
model by approximating the boundaries u(¢) and £(¢) with
continuous piecewise linear functions. Choosing time points
0=19 <t <--- <ty = Tenq that include any times when
u(t) or o(t) changes values, we can define u(¢) and () to
be the continuous piecewise linear functions that are linear
on each interval (#;_1, tx] and for which u(#;) = u(t;) and
2(1x) = £(t;) for each k. The original process with these new
boundaries gives a multi-stage model that approximates the
original GDDM. The FPTDs and NPDs of the approximat-
ing multi-stage model can be computed with Algorithm 1
and used as approximations of the FPTDs and NPDs for the
original GDDM.

Define T = inf{t > 0 : X(t) ¢ (£(t),u(r))} to be
the hitting time of the process to the approximating bound-
aries. As the approximation gets increasingly fine, meaning
maxy |ty — tx—1| — O, then it is straightforward to show that
T — 1 with probability one under mild regularity conditions
on the boundaries (see the proof in Appendix A.1). Show-
ing that the FPTDs also converge is beyond the scope of this
paper and presumably requires additional regularity assump-
tions on the boundaries, such as continuous differentiability.
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We demonstrate in Sections 5.2 and 5.3 that this approxima-
tion method can perform remarkably well in practice.

4.5 Transformations

For GDDMs that cannot be directly approximated with a
multi-stage model as in Section 4.4, a transformation into an
equivalent GDDM that is amenable to approximation may
be possible.

Consider a transform (¢, x) — (s, w) defined as

s=y(@),

w=P(x,1) (13)

fort > 0, x € R, where y : [0, c0) — [0, D) is one-to-one,
increasing, and differentiable with derivative y’ for some
0 <D < o0, ¥ : Rx[0,00) — R is continuous, and for
eacht > 0, ¥ (-,¢) : R — R is one-to-one, increasing, and
differentiable with derivative v’(-, #) and inverse w_l (-, 1).
The GDDM in the new coordinate system is

X(s) =Xy ).y o),

i(s) =Yy~ ),y ().

Us) = vy~ (s, yT6),
T =inf{s > 0: X(s) ¢ (£(s), U(s))},
C= exiting boundary € {u, ¢}

with the distribution of X 0) = ¥ (X(0),0) deﬁneg by the
distribution of X (0). If X(0) has density go, then X (0) has

density go(x) = qo(¥ " (x, 0)/¢' (¥ ' (x,0)).
The assumptions on y and ¥ ensure that # and £ are con-
tinuous and that

T=y(r) and C=CcC.

Hence, the FPTDs f. of X are related to the FPTDs f; of X
via

d
fe(®) ZEP(T =t,C=o0)

=(%IP(? <y®).C=0) a5

=" () fely (1)
for ¢ € {u, £}, and the NPD ¢ of X at T is related to the NPD
g of X at y(T) via

q(x) = i}P’(X(T) <x,t>T)
dx

d_~ ~
EP(X(V(T)) =Y. 1), 7>y()
¥, THg( (x, T)).

15)
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Fig.3 Anillustration of the sequential computation from the k-th stage
to the (k 4 1)-th stage in a multi-stage model. The k-th stage (depicted
on the left side of the figure) is an integrated single-stage model, where
the density of its starting position is given by gx—j(x) (represented
by the grey curve). Within this stage, the functions f,, (£)1(;_, 41(t)

time ¢

t test

(red curve), fe(t)1,_,.41(t) (purple curve), and g (x) (green curve)
are obtained by integrating the formulas (9), (10), and (11) over gx—1,
respectively. The resulting NPD ¢ (x) then serves as the starting posi-
tion distribution for the (k + 1)-th stage, facilitating the subsequent
computation (depicted on the right side of the figure)

Algorithm 1: Sequential likelihood evaluation of a multi-stage GDDM

Input : A multi-stage model configuration as described in Section 4.3. An observation (¢, ¢) for 0 < t < Tipq and ¢ € {u, £} or an

observation of “non-response”.

Output: f(z,c) = f.(t) for a datum pair (¢, c¢), or Q for “non-response”

for k = 1tod do

Ful®) = £ — t_1;5 ik, ok, B, qi—1)
fe(®) = fiM(¢ — fe—1; p, on, B, qi—1)
gr(x) = ¢™(x; k. ok, B, gi—1) for all x € (€(tx), u(t))

fort € (tx—1, tx]

end

0 = [;4) gq(x) dx

The NPP Q of X at T is simply the NPP @ of X at y(T).
Consequently, any method for approximating the FPTDs and
NPDs of the transformed GDDM X can be used to approx-
imate the FPTDs and NPDs of the original GDDM X using
equations (14) and (15). The trick is to find a transformation
for which the resulting X gives a GDDM that is amenable to
approximation.

A particularly simple X is standard Brownian motion, per-
haps with a random starting point, i.e., equation (2) with
ux,t) = 0 and o(x,t) = 1. A wide range of com-
monly used SDEs can be transformed into standard Brownian
motion in this way, including geometric Brownian motion,
the Ornstein-Uhlenbeck (O-U) process, and the Brownian
bridge, among others. The question of whether a diffusion
process can be transformed to a Brownian motion through

transformation of the type in equation (13) was raised by
Kolmogorov in Kolmogoroff (1931). Cherkasov gave a con-
structive proof of the necessary and sufficient condition for
the existence of such a transformation in Cherkasov (1957),
which is now commonly referred to as the Cherkasov condi-
tion in the literature. This was recast into a simpler form
in Ricciardi (1976), and was later used in Ricciardi and
Sato (1983) to obtain the one-sided first passage time den-
sity through the integral equation method. We present the
Cherkasov condition from Ricciardi (1976) in Appendix A.2,
and instead of focusing on the condition itself, we provide
specific examples of the transformation from diffusion pro-
cesses to Brownian motion that are common in practical
applications.
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time ¢

Fig. 4 Example of applying the multi-stage algorithm to a GDDM
with drift term 11 110,¢,)Ufr,00) () + (21(4 1) (f), constant o and lin-
early collapsing boundaries that collapse at 3. The process is divided
into 3 single-stage models according to ¢ € [0, 1), [#1, 12), [t2, #3). The

DDMs with nonlinear drift. One simple but important
subclass of models that fits this transformation is

dX(t) = pn@)dt + o dW(2) (16)

with possibly nonlinear time-dependent drift term (7). The
SDE (16) can be solved via a direct integration:

t

X(t) :X(O)—i—/ w(rydr + o W(r)
0

and consequently, through transformation w = ¥ (x,1) =
%(x — fot w(r)dr) (in this case s = y(t) = t, so we still use
t) we have

~ X(0)
X)) =v(X@),t) = — + W(). (17)
The right hand side of (17) is a Brownian motion with ini-
tial position X (0)/o. We illustrate the approximate FPTD
computation for this example in Section 5.2.
Ornstein-Uhlenbeck model. The nonstationary Ornstein-
Uhlenbeck (O-U) process X(¢) is defined by the following
stochastic differential equation:

dX (1) =0 (. — X)) dt + o dW(?) (18)

where & # 0,A € R, o > 0 are constants. When 6 > 0
it models the “mean-reverting" phenomenon as the process

tends towards A over time, and it will converge to its station-
. 2 o .
ary distribution /(2 5g) as t goes to infinity. This process

is used, for instance, in physics to model the velocity of a
particle under friction, in finance to capture mean-reverting
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FPTDs can be computed sequentially from the early to the late stages,
and are plotted along their respective boundaries. Example trajectories
are shown with different colors representing which boundary the tra-
jectory first hits (red indicates upper boundary, purple indicates lower)

behavior of interest rates and volatility (Gardiner 2009), and
in cognitive science to model evidence accumulation and
neural dynamics (Usher and McClelland 2001; Brunton et al.
2013).

The solution of (18) is given by Gardiner (2009)

t
X)) =r+e(X0)—1)+0oe? / AW (r).
0

The stochastic integral can be viewed as a time-changed
Brownian motion (Doob 1942):

- eZGt -1
X(1) = A + e~ (X(0) — 1) + oe*G’W(T), (19)

where

- 2 log(1+205)

W(s) = / AW (r)
0

is another standard Brownian motion defined by the above
stochastic integral. We perform the transformation s =
y(t) = (¥ —1)/(20) and w = ¥ (x,1) = (" x — re?" +
A)/o so that the transformed process becomes

~ 1 1 X0 ~
X)) =vXy ),y ()= — T W(s)
which is a Brownian motion with initial position X (0)/o.
In Section 5.3, we use this transformation and adopt the
procedures in this section to compute the FPTDs of the O-
U process. Additionally, for parametric models like the O-U

process, we can also study their “multi-stage" versions with
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piecewise constant parameters. Our Algorithm 1 naturally
admits generalization to these models, where the stage break-
points comprise both the original parameter breakpoints and
the segmentation points introduced to approximate the non-
linear transformed boundaries.

Even if the original model has simple boundaries, the
transformed model could have complicated boundaries that
make approximations based on the multi-stage model less
accurate or risk numerical overflow/underflow if an interpo-
lation knot point # is placed too close to a reaction time of
interest. For instance, the time transformation s = y(¢) in
the O-U process is exponential and might lead to time dila-
tion issues if one is interested in the FPTDs at large decision
times.

4.6 Algorithm Summary and Implementation

The complete process of approximating f (¢, ¢) and/or Q is
as follows:

e If necessary, use the methods in Sect. 4.5 to mathemat-
ically transform the GDDM into a representation with
constant or piecewise constant w(¢) and o (¢).

e If necessary, use the strategy in Sect. 4.4 to approximate
the upper and lower boundaries with piecewise linear
functions, so that the approximate model is a multi-stage
model.

e Use Algorithm 1 in Sect. 4.3 to calculate the FPTD or the
NPP of the multi-stage model.

e If necessary, use the methods of Sect. 4.5 to transform
the resulting FPTD from the multi-stage model back into
the FPTD of the original GDDM.

In our implementation, all numerical integrations in equa-
tion (12) as used by Algorithm 1 are performed with
Gauss-Legendre quadrature (see Chapter 5.5 of Sauer (2011)
for an introduction). This approach offers higher accuracy
with fewer integrand evaluations compared to alternative
methods, such as the trapezoidal rule. We specifically ben-
efit from this in our method because our integrands consist
of (truncated) infinite series, which are expensive to evalu-
ate. It also means that each g; within the algorithm needs
only to be represented at a small number of predetermined
quadrature points. The choice of quadrature order provides a
natural trade-off between speed and accuracy: higher orders
increase the number of quadrature points and hence the com-
putational cost, but also yield greater precision. Details of the
implementation of Algorithm 1 regarding quadrature are in
Appendix A.3.1.

There are several other important practical aspects of
Algorithm 1 that contribute to its efficiency, which we discuss
in detail in Appendix A.3. In our implementation, the core
functionality is written in Python, while performance-critical

components are optimized using Cython (Behnel et al. 2011),
leveraging both the flexibility of Python and the high effi-
ciency of C. OpenMP parallelization is supported to compute
likelihoods for different trials independently, thereby accel-
erating the computation on large datasets. Our code, along
with usage examples, including the numerical examples pre-
sented in Section 5, will be released as an open-source Python
package upon publication for reproducibility. Additionally,
our code will be integrated into the HSSM package (Fengler
et al. 2025) for hierarchical Bayesian inference of GDDMs.

5 Numerical examples

In this section, we provide several numerical examples to
demonstrate the effectiveness of our method. In Examples
5.1, 5.2, and 5.3, we compute exact or approximate FPTDs
using Algorithm 1 and verify the results by comparing
them with simulated data. In Section 5.4, we demonstrate
the efficiency of Algorithm 1 for likelihood computation,
highlighting its speed relative to previous methods and its
applicability to statistical inference.

It is worth mentioning that accurately simulating first pas-
sage times of stochastic processes is itself a challenging
problem (see Tuerlinckx et al. 2001 for a discussion regard-
ing Brownian motion). The usual approach, which we have
also adopted, is to discretize the SDE (16) according to the
Euler-Maruyama scheme: let0 < r; < r < --- beatempo-
ral grid, simulate X (0) according to the distribution of X (0),
then proceed as

X (rat1) = X(r)
+ (X (), 1) Pt — 7a) (20)
+ 0 (X(rn), ra) AW ()

to simulate an approximate sample path of X, where the ran-
dom variable AW (r,) = W (r,+1) — W(r,) is distributed as
N, rpt1 — ry), and all AW (r,,)’s are independent. Such a
simulation will, of course, be biased due to the unavoidable
discretization error. Then, the first passage time data is the
first time r,, such that X (rn) & (£(ry), u(ry)). However, even
if we could simulate X exactly on the discrete grid (rn)f,o:p
this would not sample t exactly, as it is possible for X to
cross the barrier between grid points r, and r,11 without
exceeding the barrier at either of these grid points.

In our experiments, we simply use a very small step size
Ar =rpp1 — 1y = 1075 and a large sample size to reduce
the approximation error. More advanced techniques, such as
Brownian bridge interpolation, are also commonly used to
address this issue (see chapters 6-7 of Glasserman 2004 for a
general introduction), however for the purposes of this work,
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the simulation data serves as a sanity-check more than an
object of independent interest.

5.1 FPTDs for GDDMs with piecewise constant drift

We consider a GDDM with piecewise constant drift

1 0<tr=<l1
—-02 1<t<25
ui)=1415 25<t<35
05 35<t<4
-1 4<t<5

constant diffusion o = 1 and linear collapsing boundaries:

u(t) =15-03t, £(t)=-15+0.3¢
starting at xo = —0.5. This is a generic example of a multi-
stage model with the same drift terms for all trials.

We use our Algorithm 1 to compute the FPTDs on the
upper boundary and lower boundary and compare them with
the normalized histogram obtained from 50,000 Monte Carlo
samples. The results are shown in Figure 5. The FPTD
exhibits corners at all breakpoints of 1¢(¢). Despite this com-
plexity, our result visually shows excellent agreement with
the empirical densities.

5.2 FPTDs for GDDMs with nonlinear drift and
boundaries

Consider the GDDMs in equation (16) with possibly nonlin-
ear time-dependent drift term w(#) and boundaries u (¢), £(¢).
Following the transform discussed in Section 4.5, we can
write the transformed boundaries as

o ,
w0 = (i~ [ wiar).

~ 1 !
) = ;(Z(z)—/o u(r)dr)

and work with the transformed model X (1) = %O) + W ().
We approximate () and 7 (t) by piecewise linear functions
and use Algorithm 1 to evaluate the FPTD of the approximate
multi-stage model. This can apply to any nonlinear drift and
boundaries.

We show this case via a GDDM with a sinusoidal drift

1
t) = —sint,
wu(t) 5
constant diffusion o = 1, and boundaries

w() =2~ gty = —2¢= /5’
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starting at xo = —0.5. The upper boundary u(t) is the sur-
vival function of a Weibull(5, 3) distribution, and £(7) is its
reflection about the #-axis. The choice of a Weibull distribu-
tion is guided by relevant examples in prior work (Fengler
et al. 2021; Ging-Jehli et al. 2025).

The original boundaries, and the transformed boundaries
with their piecewise linear approximations are shown in
Figure 6(a) and Figure 6(b), respectively. The computed
approximate FPTDs and the histogram consisting of 50,000
samples are displayed in Figure 6(c). The approximate FPTD
and the histogram agree well.

To quantitatively justify the approximation, we conduct
a one-sample Kolmogorov-Smirnov (KS) test. The null
hypothesis Hy is that the sampled first passage time data are
distributed according to the computed approximate FPTDs.
As shown in Table 1a, the KS test does not suggest rejecting
Hy even for sample sizes as large as 100,000. Even though
our method of simulating first passage times introduces dis-
cretization errors, we believe that these results demonstrate
the high accuracy of the FPTD approximation.

5.3 FPTDs for Ornstein-Uhlenbeck Models

Consider the Ornstein-Uhlenbeck model in equation (18)
with boundaries u(¢) and €(¢). According to the transfor-
mation given in Section 4.5, the transformed boundaries are
given by

() :%(u(% log(1 + 205))/T+ 20s

— a1+ 205 +,\),
Ts) =2 (¢(35 log(1 +205) VT + 265
— AT+ 205 +/\)

We illustrate this case with an example that uses random
initial condition X (0) ~ Beta(10, 25). We set the model
parameters as & = 1,A = 1.5,0 = 2, and the original
boundaries to be

u(t) =2e~1D° 01y = —2¢~ D’

We follow the procedures described in Section 4.6: interpo-
late the transformed boundaries sufficiently fine, compute the
approximate transformed FPTDs by Algorithm 1, and obtain
the original FPTDs by relation (14). Plots of the FPTDs and
statistical test results are shown in Figure 7 and Table 1b,
respectively. From the results we conclude that our method
effectively computes the FPTDs of the O-U model (18).
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Fig.5 Plots of FPTDs and
histogram for Example 5.1: a
GDDM with piecewise constant
drift. First passage times on the
upper boundary are displayed on
the positive ¢-axis and those on
the lower boundary are
displayed on the negative ¢-axis
so that the whole plot is a valid
probability density function

Fig.6 Example 5.2: a GDDM
with sinusoidal drift and Weibull
survival boundaries. (a) and (b)
illustrate the GDDM before and
after transformation. The
expected value of the process
(blue curves) is transformed
from a sinusoidal function to a
constant zero. In (b), red dots on
the upper boundary and purple
dots on the lower boundary
mark the knot points used to
form piecewise linear boundary
approximations. These knots are
selected via adaptive linear
interpolation (see Appendix A.3
for a detailed description). (c)
displays first passage times:
those on the upper boundary
appear on the positive 7-axis,
while those on the lower
boundary appear on the negative
t-axis, forming a valid
probability density function

Table 1 Results of the
one-sample
Kolmogorov-Smirnov tests for
different data sizes
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(a) Example 5.2: a GDDM with sinusoidal drift and Weibull survival boundaries

#Data 10000 20000 50000 100000
p-value 0.778 0.703 0.498 0.499
(b) Example 5.3: an Ornstein-Uhlenbeck model

#Data 10000 20000 50000 100000
p-value 0.449 0.473 0.179 0.357
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empirical FPTDs
computed FPTDs

Fig.7 Plots of FPTDs and
histogram for Example 5.3: an 0.71
Ornstein-Uhlenbeck model.
First passage times on the upper 0.6 1
boundary are displayed on the
positive ¢-axis and those on the 0.5
lower boundary are displayed on 0
the negative 7-axis so that the a 0.4
whole plot is a valid probability A,
density function P~ 0.3
0.2 1
0.1
0.0 :
3 2

decision time (C' = /)

5.4 Practical statistical computing for aDDMs

In the following examples, we show the effectiveness and
efficiency of our method for computing the likelihood and
inferring parameters for aDDMs. The aDDM incorporates
visual attention as a key factor underlying the decision pro-
cess behind simple choice behavior. It adjusts the drift rate
() based on instantaneous attention within a given experi-
mental trial, adopting different values depending on whether
the participant fixates on choice options A or B at time 7.
Let V (¢) be the process taking values in {A, B} representing
the participant’s visual fixation at time ¢, and let r4 and rp
denote the participant’s numerical ratings of their preferences
for options A and B, respectively. The aDDM corresponds
to the following SDE (conditioned on V, ry4, rp) (Krajbich
et al. 2010),

dX(@) =AWV (), ra, rp)dt + o dW(r) 21
where
— ifv=A,
A(v,ra,7rB) = k(ra = nra) 1 0
k(nra —rpg) ifv=0B,

n € (0,1) is a parameter that reflects the discounting of
the non-fixated option, and ¥ > 0 parametrizes the overall
magnitude of the drift. Note that u(r) = A(V(t),ra,rB)
is a piecewise constant function as in the multi-stage model
of Section 4.3, but that it will generally be different on each
experimental trial, both because a participant’s visual fixation
process will generally be different on each trial and because
the options presented to the participant can change across
trials.

In an experimental setting, a participant’s fixation tra-
jectory V(t) is captured using an eye-tracker, while the
participant’s preference ratings r4 and rp are collected prior
to the choice experiment; together, these can be viewed
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as known covariates. Because those covariates drive time-
varying drift functions, the configuration E of the GDDM
will be different on each experimental trial. Letting Z; denote

the configuration on the i-th trial, then the likelihood of @ is

Laoom @ | ((ri, Cf—) = [ [ (@i, Ci | E). (22)
i=1

Z; depends on unknown parameters 6 (e.g. n and «) that
are shared by all trials, as well as on the trial-specific known
visual fixation trajectory V;(¢) and ratings r4 ;, rp,; for the
subject’s i-th trial.

Here, we simulate a collection of n = 50, 000 visual fixa-
tion trajectories (V; (¢))7_,, preferenceratings ((ra,i, B.i));_;
and the corresponding dataset of choices and reaction times
((z;, C;))_, from a prescribed aDDM model with drift
parameters «, n, constant diffusion 0 = 1 and symmetric
linear collapsing boundaries
u(t) =a—>bt, €(t)=—a+bt
starting at xo € (—a, a). The fixation trajectory V;(¢) on
each trial was sampled from a gamma process to mimic the
switching of attention in psychological experiments, and the
ratings r4 ;, rp,; are sampled from a discrete uniform distri-
bution on {1, 2, 3, 4, 5}. The average number of fixations per
trial in our simulation is 3.45.

5.4.1 Likelihoods for aDDM given a dataset

We evaluate the performance of Algorithm 1 for computing
likelihoods of the parameters at their true values given the
dataset ((t;, Ci))L]- We compare the speed of our methods
with PyDDM (Shinn et al. 2020), a prominent and highly
optimized library which we use as a benchmark on speed
for the KFE approach (Section 3). When using PyDDM, we
can choose the finite difference discretization parameters A¢
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and Ax which determine the fineness of the temporal and
spatial meshes, and as At — 0, Ax — 0, the numerical
solution converges to the true solution of the underlying KFE
governing the diffusion process. We test Algorithm 1 with
varying quadrature orders and compare its speed—accuracy
trade-off against the KFE method evaluated with different
choices of Ar and Ax. The results are shown in Figure 8.
Figure 8 demonstrates that our method outperforms the
KFE method by more than three orders of magnitude at a
given target accuracy level. Moreover, our method is more
numerically stable when evaluating trials with small like-
lihoods. PyDDM returned a likelihood of zero for several
trials, complicating its use for likelihood-based methods.
The speedup of our method for aDDMs largely stems from
its ability to progress in large time steps aligned with sac-
cade times, leading to extremely fast single trial computation
speed. The accurate analytical formulas in equations (6)—
(8) and the high-order efficient quadrature rules in equation
(A3) further contribute to our method’s speed. In contrast,
the KFE method requires much finer time discretization in
the backward Euler scheme and therefore substantially more
floating-point operations to attain comparable accuracy.

5.4.2 Statistical inference of aDDM parameters

Here we conduct parameter recovery studies for the parame-
ters @ = (n, k, a, b, x¢) in both the frequentist and Bayesian
settings. We use the maximum likelihood estimator (MLE)

6" = argmax Lappm(@ | (1. CHY_))
0

n

n
= argmax l_[f(ti, Ci| &)
0 iz

as the frequentist approach. In the Bayesian framework, we
place a prior fprior(#) on the parameters and approximate the
posterior density

fposterior(a) X fprior(o) 1_[ f@, Ci | E)

i=1

using Markov chain Monte Carlo (MCMC). For both
approaches we use Algorithm 1 to evaluate the likelihood.
The true and estimated parameters are shown in Table 2.
For maximum likelihood estimation, the numerical opti-
mization takes around 1 minute when run with 32 threads, a
computation time thatis readily achievable even on a standard
desktop computer. For Bayesian inference, an MCMC run
with 10° draws completes in 10 hours. In contrast, because a
single round of accurate likelihood evaluation with the KFE
approach alone requires more than 3 hours, the numerical
optimization would take days or more likely weeks, and

Bayesian methods would be entirely out of reach. This illus-
trates that our method enables fast and accurate parameter
recovery which no previous methods are capable of.

6 Discussion

In this paper, we propose a novel numerical method for
computing the first passage time densities (FPTDs), non-
passage densities (NPDs), and non-passage probabilities
(NPPs) of a general class of drift diffusion models (DDMs)
with two time-dependent boundaries. We utilize analytical
formulas for certain single-stage models, which are then flex-
ibly combined via numerical quadrature to accommodate a
multi-stage framework. We then generalize to prominent, but
previously computationally-intractable models in cognitive
science (Krajbich et al. 2012, 2010) and beyond. Our method
beats current alternatives by over three orders of magnitude
on speed of execution in relevant application scenarios, while
maintaining desired accuracy, as shown in Section 5.4.

The benefits over existing approaches are especially
notable for the likelihood computation of GDDMs with
trial-specific covariates such as the aDDM. Despite strong
scientific interest, applications of aDDMs have been con-
strained by computational challenges. Current approaches to
inference in aDDMs rely on unjustified computational sim-
plifications, the so-called time-averaged drift approximations
(TADA); see, e.g., (Lombardi and Hare 2021; Molter et al.
2019). The TADA replaces the time-varying drift rate ()
in a single trial of the aDDM with the constant drift rate
! for w(t)dt that is simply the temporal average of the
aDDM drift rate on that trial. Although the TADA enables
fast parameter inference using analytic formulas, it is not a
well-specified statistical model, since the drift rate on a trial
depends on the decision time on that trial. In parallel work
(Liu et al. 2025), we show that maximum likelihood estima-
tors based on the TADA likelihood are not consistent for the
corresponding aDDM parameters. This further illustrates the
importance of developing practical computational tools for
the complex GDDMs of interest in cognitive neuroscience
and other fields.

Our focus here is fast likelihood evaluation. For statistical
inference it is often useful to also have likelihood gradients.
Since the quadrature points used in our implementation of
Algorithm 1 are fixed, the algorithm is inherently end-to-end
differentiable by automatic differentiation software. In future
work we hope to implement Algorithm 1 in an automatic dif-
ferentiation package such as JAX (Bradbury et al. 2018) to
allow the use of gradient-based statistical inference methods,
such as gradient descent for maximum likelihood estima-
tion and Hamiltonian Monte Carlo for Bayesian inference.
Strategies like GPU parallelization and parallel numerical
integration could be used to gain even further speed-ups,
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Fig. 8 Speed-accuracy trade-off for Algorithm 1 (blue) and the KFE
method as implemented in PyDDM (red solid and dashed). Algorithm 1
performance is shown for increasing quadrature order from 10 to 35.
KFE performance is shown for decreasing space-time discretization
(At = Ax) from 0.05 to 0.001. In all cases, we used the correspond-
ing method to compute the FPTDs for all trials: (f(z;, C; | E;))7_,,
where n = 50,000 and the parameters in Z; are those that generated the
data. CPU time in each case is the total time to compute FPTDs for all
50,000 trials. The FPTDs can be combined to give the trial-normalized
negative log-likelihood £* = —% "y log f(wi, Ci | E}) (see equa-
tion (22)). Since the aDDM in this example corresponds exactly to a
multi-stage GDDM, we used Algorithm 1 with a high quadrature order
(200 quadrature points per stage) to obtain reference values for £* and
¢’ (defined below). Relative errors for Algorithm 1 (blue line, vertical

Table 2 True values, point estimates and interval estimates of aDDM
parameters. The maximum likelihood estimates are reported together
with component-wise nonparametric pivotal bootstrap confidence inter-
vals based on 1000 resamples. The optimization is carried out using the
trust region method. For the Bayesian approach, we report the posterior
means and 95% Bayesian credible intervals. The MCMC sampling was

axis) are reported against this reference value of ¢*. In four trials the
KFE implementation (with these Az, Ax) gave FPTDs of zero, yielding
an infinite approximation of £*. To provide a more meaningful sense of
error for KFE, we also calculated the likelihood excluding those trials,
namely ¢/ = —nﬁ > vatia; log f(zi, Ci | E;), where the “valid” i are
the 49,996 trials for which KFE gave strictly positive FPTD approxi-
mations. The solid red line compares the KFE approximation of ¢’ to
the reference value of £*. The error plateaus because KFE is forced to
exclude the trials where its approximation fails. The dashed red line
compares the KFE approximation of £ to the reference value of ¢'.
Although this is the wrong reference value for the target problem, it
illustrates that the KFE approximation continues to improve as the dis-
cretization gets finer

performed using the Metropolis—Hastings algorithm with 10* burn-in
iterations followed by 10° draws. The MLE, posterior means and medi-
ans (not reported) coincide up to three decimal places. Note that all
true parameter values lie within their corresponding 95% confidence
intervals and credible intervals

True MLE 95% confidence interval posterior mean 95% Bayesian credible interval
n 0.7 0.697 [0.690, 0.705] 0.697 [0.690, 0.704]
K 0.5 0.502 [0.497,0.507] 0.502 [0.497,0.507]
a 2.1 2.104 [2.093,2.116] 2.103 [2.092,2.115]
b 0.3 0.304 [0.300, 0.309] 0.304 [0.300, 0.308]
X0 -0.2 —0.196 [—0.205, —0.188] —0.196 [—0.205, —0.188]

which might be important in practice when using MCMC for
inference in large hierarchical Bayesian models with GDDM
likelihoods.

Our approach for multi-stage approximation should be
generalizable to broader classes of SDEs than the ones con-
sidered here if they admit analytic formulas for FPTDs
and NPDs in simple cases and if they have the appropri-
ate Markov structure. If analytic formulas cannot be found,
the multi-stage approximation might still be useful if accu-
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rate approximations of single-stage FPTDs and NPDs can be
constructed by other methods, such as SBI.

There are several important mathematical questions that
we leave for future work relating to regularity conditions for
the existence of FPTDs, regularity conditions for the conver-
gence of approximate multi-stage FPTDs under increasingly
fine partitioning, and accuracy of numerical approximations
for infinite series truncation, piecewise linear approxima-
tion of boundaries, and numerical quadrature. Despite these
unresolved issues we believe our algorithms will find imme-
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diate use in the psychological and cognitive sciences and
will improve the state-of-the-art for statistical inference of
GDDMs.

Appendix A

A.1 Proof of almost sure convergence of first
passage times under refined boundary
approximations

In this section, we establish a continuity result, which serves
as the mathematical foundation of approximating the first
passage times on curved boundaries by first passage times on
their piecewise linear approximations, as described in Sec-
tion 4.4. We first consider the simplified setting of a Brownian
motion hitting a single upper boundary.

Theorem 1 Let W (t) be a one-dimensional Brownian motion
on a probability space (2, F,P), and let u(t) be a function
on [0, 00) that is Holder continuous with exponent 1/2, sat-
isfying u(0) > 0. Suppose that a sequence of continuous
functions (u,) converges uniformly to u on compact subsets
of [0, 00). Define the first passage times t, T, as

t=inf{t > 0: W) > u(t)}
T, = inf{t > 0: W) > u, (1)}

Then, T, converges to T almost surely.

Proof of Theorem 1 Define

™ =inf{t > 0: W(t) > u(®))
T =inf{r > 0: W) > u, (1)}

We prove the desired result in three steps. We first prove that
liminf, . t;, > 7. Fix o € Q. For any € > 0, the function
t — u(t) — W(¢) is continuous and attains its minimum
6 =36(e) > 0on [0,7 —e€],ie., W() < u(t) — 6 when
t < t — €. Since u, — u uniformly on [0, T — €], there
exists N = N(§) = N(e) such that for all n > N we have
uy(t) > u(t) — 6 > W(t) fort < v — €. Thus, we have that
forallt <t —eandn > N, W(t) < u,(t). This implies
T, > 1 —€forn > N.Takinge — 0 gives liminf, . 7, >
T.

Next, we prove that lim sup,,_, ., 7,/ < t*. Fix w € Q. By
the definition of t*, we know that for any € > 0, there exists
te € (t*,7* +€) and § > 0, such that W(z.) > u(t.) + 6.
Since u,(t¢) — u(te), there exists N = N(8) = N(¢) such
thatforalln > N wehaveu, (t.) < u(t.)+8 < W(t.). Thus,
there exists az. € (¥, t™ + €) such that u,, () < W (z.) for
n > N. This implies 7,7 < t* + € forn > N. Takinge — 0
gives limsup,_, ., 7, < t*. Hence limsup,,_, o, 7,/ < T*.

Finally, we prove that T = t* a.s.. The inequality 7 < t*
is immediate, so it suffices to show that P(r < *) = 0.
Without loss of generality, we assume that 7 is almost surely
finite, since for any w where 7(w) = oo, we trivially have
T(w) = 7" (w) = 0.

Take w where 7(w) < t*(w), then there exist § > 0 such
that W(t) < u(t) for ¢t € (r, T + §). By the strong Markov
property of W, we know that B(s) = W(s + 1) — W(7) is
also a Brownian motion. Let C be the Holder C%1/2 semi-
norm of u, then we have u(r) < u(z)+C(—1)"/2fort > .
Hence, we have

W(t)+ B(s) = W(s + 1) < u(s + 1) < u(r) + Cs'/?
when s € (0, §). By the continuity of W and u we have

W (t) = u(r), so B(s) < Cs'/? for s € (0, 8).
However, this would imply

: B(s)
lim sup ——————=
s—0t+ +/2sloglog(l/s)
- (AD)
<limsu

P —
V2loglog(1/s)

Yet, the law of the iterated logarithm states that

s—0F

. B(s)
limsup ————====1 as.
s—>0+ +/2sloglog(1l/s)

soequation (A1) holds with probability 0. So P(t < t*) = 0.
Combining the above three steps, we obtain

7 < liminf 7, <limsupt, <limsupt, < t*
n—oo n—00 n—00

from T = t* a.s., we conclude that lim,, . 7, = T a.s.. O

Returning to the two-boundary setting, and adopting the
notation in Section 4.4, the piecewise linear interpolations
of the Holder-1/2 continuous boundaries u and ¢, denoted
by % and ¢ respectively, converge to u and £ uniformly on
compact subsets of [0, co) as the interpolation grid is refined
(see p35 of De Boor 1978). Consequently, let 7, and 7, denote
the approximate one-sided first passage times, and 7, and ¢
their exact counterparts, then we can invoke Theorem 1 to
conclude that the T, and T, converge almost surely to 7, and
Ty on their respective boundaries. Since T = 7, ATy, T =
T, A Ty, it follows that T — 7 a.s.

A.2 Transformation of a diffusion process to
a brownian motion

Here, we present the Cherkasov condition as outlined in Ric-
ciardi (1976), which provides the necessary and sufficient
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Fig.9 At each vertical
boundary between two stages,
probability transfer occurs
through a set of precomputed
quadrature points—green dots on
the output boundaries and grey
dots on the input boundaries.
The function gy, evaluated at the
quadrature points along the
vertical boundary at t = #;
(denoted as qy in Algorithm 17),
encapsulates the necessary
information for integrating over
the probability measure of the
starting position X (#), to
facilitate computations in the
next stage
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conditions for the existence of the transformation (13) that
converts a diffusion process X (¢) into a Brownian motion.

Theorem 2 (Ricciardi (1976)) Let X (t) be a diffusion process
defined on the interval [0, T,uq] satisfying the SDE (2). If
there exists a pair of functions c1(t) and c>(t) such that

9 (-2
M(-x, t) — dx (04(x’ t))

o(x,t) . cz(t)o'z(y,t)—i—%(az(y,t))
(Cl(l)+/() 03(y,t) d)’)

(A2)

then there exists a coordinate transformation of the form (13)
such that Ip(X(y_l(s)), y_l(s)), the image of X(t) under
this transformation, has the same dynamics with a standard
Brownian motion. This transformation is given by

t
s =y() :/ e~ a@dig,
0
X
w=Y(x,1) =e_%f(;cz(s)d3/ !
o oy, 0
1 [! |
— 5/ c1(r)e 2 Jo 2@dz g,
0

dy

We take the Ornstein-Uhlenbeck process (18) as an exam-
ple. Here u(x,t) = 6(A — x) and o(x,t) = o, and the
Cherkasov condition (A2) reads

o x
O —x) = Ecl(f) + Ecz(f)

201
o2

We can take ¢ (t) = c(t) = —26. Correspondingly,

. . . _ _ eze:_l _
the transformation is given by s = y () = 7, w =

@ Springer

L tr trst

Y(x,t) = %(eetx — 2% + 1). This is the same as the
transformation given in Section 4.5. Verifying the Cherkasov
condition for general diffusion processes requires analyzing
equation (A2) on a case-by-case basis.

A.3 Fast implementation

In this section, we discuss some practical aspects of our algo-
rithm that contribute to its fast execution, including important
details about numerical integration and function representa-
tion that are glossed over in the description of Algorithm 1.
We present Algorithm 1/, the practical version of Algorithm
1 to conclude this section.

o Ifr € (tx—1, tx], then we can halt Algorithm 1 after the
evaluation of f,(¢) in the k-th stage. Also, note that evalu-
ations of f;, and f; can be skipped unless they are needed
for the final output, since only g; is propagated across
stages.

e Formulas (6), (7) and (8) are approximated by truncating
the infinite sum to a desired accuracy. The truncation cri-
teria can be used as a way to balance speed and accuracy.

e Piecewise linear approximations of the transformed
boundaries in Section 4.5 are realized via adaptive
linear interpolation, which balances accuracy and com-
putational efficiency by dynamically adjusting both the
number and position of interpolation points based on the
function’s variability.

More specifically, we adopt the following procedure in
our numerical examples (Sections 5.2, 5.3 and A.4.1): we
initialize a knot set containing all stage endpoints in the
original model, construct a piecewise linear interpolant
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Table 3 Evaluation times for the aDDM likelihood (22) with 50,000
trial data, using Algorithm 1 under different thread counts

# Threads 1 2 4 8 16 32

Time(s) 5.547 2.698 1.369 0.760 0424  0.264

through the corresponding boundary values, and itera-
tively refine the knot set by inserting additional knots at
locations where the current interpolant attains its largest
absolute deviation from the true boundary on a fine evalu-
ation grid. The refinement terminates once this maximum
deviation falls below a prescribed tolerance & on every
subinterval. The tolerance ¢ controls the fineness of the
resulting interpolation grid.

To compute the likelihood given a dataset, we simply
iterate Algorithm 1 over all data. Additional dataset-level
speedups can be achieved using the following strategies:

e When multiple observations share the same GDDM
configuration, a single pass of Algorithm 1 suffices
to evaluate their likelihoods simultaneously, eliminat-
ing redundant computations. This idea underlies the
speedups achieved by many previous methods (e.g.,
KFE-based approaches). However, such methods slow
down considerably when GDDMs vary across trials,
whereas our approach adapts seamlessly to both homo-
geneous and heterogeneous settings while maintaining
high computational efficiency.

e The computation of each configuration in a dataset
is independent of each other, rendering the problem
“embarrassingly parallelizable" across configurations —
we can distribute the dataset over multiple threads, and
since no communication is needed between the sub-tasks,
the computational time should ideally be inversely pro-
portional to the number of threads, up to the point where
the number of threads equals the number of configura-
tions. Consequently, models such as the aDDM, where
each trial has a distinct configuration, can benefit sub-
stantially from this form of parallelization. We repeat the
timing experiment for Algorithm 1 described in Section
5.4.1 with multiple threads and report the results in Table
3, which demonstrate that our method can easily be fur-
ther accelerated through parallelization.

A.3.1 Detailed Implementation of the Quadrature

The m-point Gauss-Legendre quadrature is given by

b b—a~ b— +b
/af(x)dx% 2a;w,~f( 2“5,»+“ )

2
f(b;a§+a-;—b>

(A3)
b —
= 2 aWT

where w = (wq,--- ,wm)—r are the quadrature weights,
£ = (&,---,&y,) " arethe quadrature points on the reference
interval [—1, 1]. The formula (A3) is exact for polynomials
of degree up to 2m — 1. w and & can be computed by formulas
involving Legendre polynomials but are usually tabulated to
great accuracy.

To apply formula (A3) to our algorithm, at each stage k,
we only need to track the density at precomputed quadra-
ture points on each vertical boundary. We then proceed to
the next stage by computing the transitional densities g
from the current quadrature points to the quadrature points
on the next vertical boundary (see Figure 9). Regarding the
order of quadrature, the functions in equations (6) and (7)
are observed to exhibit a more rapid growth of derivatives
compared to those in equation (8), hence the integrand in
the final stage is less regular than in the earlier stages. There-
fore, we typically employ a quadrature rule of equal or higher
order in the final stage. In other words, if we let m; denote
the quadrature order for integration in the k-th stage, then
when 7 lies in the K-th stage, we can choose mg > m; for
i=1,..., K —1toachieve more efficient computation.

Here, we present Algorithm 1/, which incorporates numer-
ical integration via (A3) into Algorithm 1. Note that different
initial treatments are needed for discrete and continuous
X (0), as if X(0) is discrete, we only need to directly use
formulas (9), (10) and (11), and there is no need for inte-
gration in the first stage. In cases where X (0) is a mixture
of discrete and continuous components, we handle each part
accordingly. However, we omit this case in Algorithm 1’ for
brevity, as its treatment follows naturally from the discrete
and continuous cases.

In Algorithm 1/, we denote the abstract process of acquir-
ing w, & of order m as w, § < gausslegendre(m), and the
symbol © represents the Hadamard (element-wise) prod-
uct for vectors. Assuming constant time complexity for

evaluating the single-stage FPTDs f;ing]e ngle and NPD
g8 the overall time complexity of Algorithm 1’ is

O my—ymy).
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Algorithm 1': Sequential likelihood evaluation of a multi-stage GDDM, with Gauss-Legendre quadrature

Input : A multi-stage model configuration as described in Section 4.3; An observation (¢, ¢) for tx_; <t < tx (¢ is in the K-th stage) and
¢ € {u, £} or an observation of “non-response", in the latter case the number of effective stages K is set to be d + 1; g as the

sub-probability “density" of X (0).

Output: f(z,c) = f.(t) for a datum pair (¢, c¢), or Q for “non-response”

if go is a pdfthen /* X(0) is continuous */
wo, &g < gausslegendre(mo);
X < Lt(to)gl(to)§0+ f(to);ru(to);

qo = qo(X0);
else if go = Y"7_, wo;0x,, then /* X(0) is discrete */
wo < (wor, -, woy) s
X < (xo1, . Xos) s
Q<. D7
end

fork=1to K —1do
Wy, &, < gausslegendre(my);
Xp < U(’k)ge(fk)gk + ﬁ(tk)eru(fk);

P < g8 (s i, 0%, Bi, ()3
qk < Pr(qi—1 © Wi—1);

end
if observation is (t, ¢) then
single
ek < [N — tk—1; mk. ok, BroXE )

ft.0) < ck(qr—1 © Wk—_1);
else if observation is “non-response” then
T
‘ 0 < Ww;qq
end

A.4 Error analyses of algorithm 1

There are three sources of error that contribute to the overall
approximation error of the FPTDs and NPDs produced by
Algorithm 1’

e Truncating the infinite sums in the single-stage formu-
las (6), (7) and (8) introduces a controllable truncation
error whose magnitude depends on the chosen truncation
criterion. Empirically, we observe that the series usually
converge numerically with very few terms for ¢ that is
not too large.

e Algorithm 1 evaluates several integrals when propagating
NPD across stages and when marginalizing over ran-
dom starting positions. Approximating these integrals
via Gauss-Legendre quadrature (A3) induces a numeri-
cal integration error that decreases as the quadrature order
my is increased.

e For general GDDMs with non-piecewise-linear bound-
aries, the approximation of the original boundaries by
their piecewise linear interpolants (Section 4.4) on a
time partition introduces an approximation error that goes
down as the partition is refined.

The truncation criterion for the infinite series, the quadrature
order, and the fineness of the time partition used to interpolate
the boundaries can all be tuned to balance computational cost
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and accuracy. Empirically, we observe that for multi-stage
models, using a moderate number of series terms (about 10)
together with a moderate Gauss—Legendre quadrature order
(about 20 — 30), Algorithm 1’ already achieves a high accu-
racy that is more than sufficient for practical purposes. For
GDDMs with non-piecewise-linear boundaries, the overall
error is typically dominated by the boundary approximations.

A.4.1 A numerical study of errors

Here we illustrate, through a simple example, how boundary
approximation and numerical integration impacts the result-
ing FPTD. We consider a standard Brownian motion

X)) =x0+ W)

starting at x = xo, and study its first passage time to the two
square root boundaries

u(t) =a~T —t, L(@)=—bJT —1t,

wherea, b, T > 0, xg € (—bﬁ,aﬁ).

To obtain reference values for the FPTDs, we apply the
time change s = log(T /(T — t)), which transforms the
original problem into a first passage time problem for the
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Fig. 10 Plots of FPTDs and histogram for a standard Brownian motion
hitting two square root boundaries. First passage times on the upper
boundary are displayed on the positive 7-axis and those on the lower
boundary are displayed on the negative 7-axis so that the whole plot
is a valid probability density function. The blue dashed line shows the
FPTDs produced by Algorithm 1" with piecewise linear interpolation

0 1 2 3 4 5
decision time (C' = u)

tolerance 10~* and quadrature order my = 20 for all k, the red solid
line shows the reference FPTDs obtained from solving KFE to very high
accuracy, and the histogram is estimated from simulated first passage
timesdata generated using Euler-Maruyama scheme (20) with step size
10~

Table4 Errors of the FPTDs produced by Algorithm 1" measured relative to the reference FPTDs. The reported error is the total variation distance
between the two density functions, computed over a uniform grid of 1000 time points on [0, T']

(a) We fix the quadrature order m; = 30 and consider a sequence of decreasing interpolation tolerances ¢,
which yields increasingly fine piecewise linear boundary approximations and thus multi-stage models with
more stages. We then apply Algorithm 1’ to each approximation and report the resulting errors.

Tolerance & 1072 1073 1074 107 107°

# Stages 11 32 89 259 577

TV distance 1.849 x 1073 5.297 x 1074 5.292 x 1073 7.113 x 107° 2397 x 1076
(b) We approximate the boundaries using adaptive piecewise linear interpolation with ¢ = 107, and then

apply Algorithm 1’ with a sequence of increasing quadrature orders my (taken to be the same across all

stages k in this experiment). We report the resulting errors. As my increases, the errors initially decrease

and then plateau since boundary approximation error dominates.

Quadrature order my 10 15 25 30

TV distance 1482 x 1073 2.959 x 10~* 6.446 x 1073 5.319 x 1073 5.292 x 1073

(unstable) Ornstein—Uhlenbeck process
~ 1~ ~
dX(s) = EX(S) ds + dW(s),

where

- T(1—e™*) 1
Wi(s) = /
0

is another standard Brownian motion. Under this transfor-
mation, the two absorbing boundaries become constant:

i) =a, 0(s)=b.

The reference FPTDs are then obtained by solving the KFE
governing the transformed problem using a highly accurate
spectral element method.

In this example, we take a = 0.6,b = 0.4, T = 5,x9 =
0.1. Following the procedure in Section 4.6, we approximate
the boundaries using adaptive piecewise linear interpolation
with tolerance ¢. The tolerance ¢ controls the fineness of
the resulting approximation; we then compute the corre-
sponding approximate FPTDs using Algorithm 1’ at different
quadrature orders. We compare these outputs to the reference
FPTDs, and the results are displayed in Figure 10 and Table

From Figure 10, we see that the approximate FPTDs
closely match the reference FPTDs and are consistent with

@ Springer



101  Page220f23

Statistics and Computing (2026) 36:101

the simulation results. From Table 4, the total variation dis-
tance between the approximate FPTD and the reference
FPTD function decreases monotonically as ¢ is reduced
and as the quadrature order increases, indicating that finer
boundary approximations and higher quadrature order lead
to systematically more accurate FPTDs.
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