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 A B S T R A C T

Drift diffusion models (DDMs) have found widespread use in computational neuroscience, cognitive science, 
mathematical psychology as well as other fields. They model evidence accumulation in simple decision tasks 
as a stochastic process drifting towards decision barriers. In models where the drift is both time-varying 
within a trial and variable across trials, the high computational cost for accurate likelihood evaluation has 
often led to the use of a computationally convenient surrogate for parameter inference, the time-averaged 
drift approximation (TADA). In each trial, TADA assumes that the time-varying drift rate can be replaced 
by its temporal average throughout the trial. This approach enables fast parameter inference using analytical 
likelihood formulas for DDMs with constant drift. In this work, we show that such an estimator is inconsistent: 
it does not converge to the true drift, posing a risk of biasing scientific conclusions when parameter estimates 
are obtained by TADA and similar approximations. We provide an elementary proof of this inconsistency 
in what is perhaps the simplest possible setting: a Brownian motion with piecewise constant drift hitting a 
one-sided upper boundary. Furthermore, numerical examples based on an attentional DDM (aDDM) show that 
using TADA leads to systematic misestimation of attentional effects in decision making and can lead to false 
conclusions in scientific hypothesis testing.
. Introduction

Drift diffusion models (DDMs) are an important class of mod-
ls that describe the latent psychological processes underlying simple 
ecision-making scenarios such as two-alternative forced choice exper-
ments (Ratcliff, 1978; Ratcliff & McKoon, 2008; Ratcliff et al., 2016). 
n such experiments, a subject must choose between two alternatives, 
 and B, and the experimenter records both the choice and the time 
aken to make it. DDMs are used to model the joint distribution over 
esponse times and choices and are widely applied in empirical research 
Clithero, 2016; Milosavljevic et al., 2010; Myers et al., 2022; Pedersen 
t al., 2017; Peters & D’Esposito, 2019) to extract their interpretable 
arameters, which can in turn be linked to distinct cognitive and neural 
echanisms.
The standard DDM is described by the stochastic differential equa-

ion 

d𝑋(𝑡) = 𝜇 d𝑡 + 𝜎 d𝑊 (𝑡) (1)
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atthew_harrison@brown.edu (M.T. Harrison).

starting at 𝑋(0) = 𝑥0, where 𝑊 (𝑡) is a 1D Brownian motion. Decision 
dynamics are captured by 𝑋(𝑡) before the stopping time 𝜏, where
𝜏 ≜ inf{𝑡 > 0 ∶ 𝑋(𝑡) ∉ (𝓁, 𝑢)}

is the first hitting time of 𝑋(𝑡) to the upper boundary 𝑢 or the lower 
boundary 𝓁, indicating the decision time. The boundary reached at time 
𝜏 reflects the chosen outcome, which we denote as 𝐶 ∈ {𝑢,𝓁}. The 
parameter vector 𝜽 may include 𝜇, 𝜎, 𝑥0, 𝑢,𝓁 or any further parameters 
that define them. The likelihood function is the first passage time 
density (FPTD) at the boundary 𝐶 evaluated at 𝜏 when viewed as a 
function of the parameter vector 𝜽. For the standard DDM, the analytic 
solution for the density and distribution of 𝜏 can be mathematically 
derived in closed form (Blurton et al., 2012; Cox, 2017; Gondan et al., 
2014; Navarro & Fuss, 2009), enabling tractable likelihood-based infer-
ence for its parameters. As a result, this model has found widespread 
applications in cognitive neuroscience and mathematical psychology 
(Cavanagh et al., 2014; Doi et al., 2020; Fengler et al., 2022; Frank 
et al., 2015; Ratcliff, 1978; Ratcliff & McKoon, 2008; Yartsev et al., 
2018).
ttps://doi.org/10.1016/j.jmp.2026.103004
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The standard DDM can be extended in a variety of ways to better 
capture experimental data and to test hypotheses about the biologi-
cal mechanisms underlying decision-making. Examples include models 
with time-varying decision boundaries 𝑢(𝑡) and 𝓁(𝑡) instead of constant 
thresholds 𝑢 and 𝓁 (Cisek et al., 2009; Drugowitsch et al., 2012; 
Ging-Jehli et al., 2025; Malhotra et al., 2018; Palestro et al., 2018), 
models with more complex stochastic dynamics than Brownian motion 
(Rasanan et al., 2024; Wieschen et al., 2020), and models with trial-by-
trial drift rates that covary with exogenous covariates, where each trial 
𝑖 has its own drift 𝜇𝑖 or 𝜇𝑖(𝑡), rather than sharing a common drift 𝜇 or 
𝜇(𝑡) across trials (Fengler et al., 2022; Frank et al., 2015; Turner et al., 
2015; Wiecki et al., 2013). Many of these extensions typically do not 
admit closed-form expressions for their FPTDs, but numerical methods 
have been developed to compute the FPTDs of DDMs to facilitate their 
application, including approaches based on solving Kolmogorov partial 
differential equations (PDEs) (Diederich & Busemeyer, 2003; Rasanan 
et al., 2023; Shinn et al., 2020; Voss & Voss, 2007, 2008) and integral 
equations (IEs) (Paninski et al., 2008; Peskir, 2002; Smith, 2000; Smith 
& Ratcliff, 2022). For a comprehensive review of these methods, we 
refer the readers to Richter et al. (2023).

When the parameters describing a DDM are both time-varying 
and trial-varying, for example, when the drift rate is modulated by 
covariates that vary on a moment-by-moment basis in time, the compu-
tational cost of computing different FPTDs on each trial can become too 
large for practical use. A common approach in this situation is to ap-
proximate a time-varying-parameter model with a constant-parameter 
model that permits fast FPTD evaluation. An open question in the 
literature is the degree to which these commonly-used approximations 
lead to valid conclusions about the underlying time-varying models of 
scientific interest.

In this paper, we demonstrate both mathematically and empirically 
that constant-parameter approximations can induce substantial statis-
tical bias in parameter inference and, in particular, lead to erroneous 
conclusions in hypothesis testing, raising serious concerns about their 
use. We focus on a class of DDMs called attentional DDMs (aDDMs) 
and a class of constant-parameter approximations that we call time-
averaged drift approximations (TADA). As described in Section 2, 
aDDMs have time-varying and trial-varying drift rates, and TADA for 
the aDDM replaces the time-varying drift on each trial with its tem-
poral average over the trial. We focus on these example cases for the 
following reasons. (i) They are of current practical importance. (ii) 
Simple versions facilitate exact mathematical analysis of large-sample 
statistical behavior. (iii) Most existing uses of constant-parameter ap-
proximations arise specifically in aDDMs via approaches related to 
TADA. (iv) In parallel work (Liu et al., 2026) we developed efpt, an 
efficient method called efpt for computing FPTDs in aDDMs, allowing 
us to numerically compare true and approximate methods for this class 
of models with ease.

2. Attentional drift diffusion models

The attentional drift diffusion model (aDDM) incorporates visual 
attention as a key factor underlying the decision process behind simple 
choice behavior (Krajbich et al., 2010). It provides a canonical example 
of a DDM with trial-varying and time-varying drift: within each trial, 
the drift rate 𝜇(𝑡) is modulated by instantaneous gaze, taking different 
values depending on whether the participant is fixating option A or 
option B at time 𝑡. Specifically, if we let 𝑉 (𝑡) be the process taking 
values in {A,B} representing the participant’s visual fixation at time 
𝑡, and let 𝑟𝐴 and 𝑟𝐵 denote the participant’s numerical ratings of their 
preferences for options A and B, respectively. The aDDM corresponds 
to the following SDE (conditioned on 𝑉 , 𝑟𝐴, 𝑟𝐵) (Krajbich et al., 2010), 

(2)
d𝑋(𝑡) = 𝐴(𝑉 (𝑡), 𝑟𝐴, 𝑟𝐵) d𝑡 + 𝜎 d𝑊 (𝑡)

2 
where

𝐴(𝑣, 𝑟𝐴, 𝑟𝐵) =

{

𝜅(𝑟𝐴 − 𝜂𝑟𝐵) if 𝑣 = A,
𝜅(𝜂𝑟𝐴 − 𝑟𝐵) if 𝑣 = B,

𝜂 ∈ (0, 1) is a parameter that reflects the discounting of the non-fixated 
option, and 𝜅 > 0 parametrizes the overall magnitude of the drift.

In a typical experimental setting, a participant’s fixation trajectory 
𝑉 (𝑡) is captured using an eye-tracker, while the participant’s preference 
ratings 𝑟𝐴 and 𝑟𝐵 are collected prior to the choice experiment; together, 
these are treated as known covariates. Note that 𝜇(𝑡) = 𝐴(𝑉 (𝑡), 𝑟𝐴, 𝑟𝐵)
is a piecewise constant function that is generally different on each ex-
perimental trial, both because a participant’s visual fixation process will 
generally be different on each trial and because the options presented to 
the participant can change across trials. As in Eq. (2) we often suppress 
the dependence on trials in our notation.

The dependence on within-trial covariates, here specifically the fix-
ation times, poses significant computational challenges. The analytical 
results available for the standard DDM no longer apply, as the drift 
term in the aDDM varies over time. Moreover, because fixation trajec-
tories are unique for each trial, computations cannot be shared across 
trials, necessitating likelihood evaluation on a trial-by-trial basis. As a 
result, existing numerical methods, such as the Kolmogorov equation 
methods and integral equation methods, become impractical for the 
large datasets typically encountered in experimental studies. Parameter 
inference in the aDDM can take days or even weeks for sizable datasets, 
severely limiting its applicability despite its strong scientific interest. 
This difficulty is further compounded by the discontinuous nature of 
fixation-dependent drift, which can complicate the use of standard 
discretization for PDE/IE based methods.

3. Time-averaged drift approximation

Due to these aforementioned computational challenges, researchers 
have resorted to computationally efficient approximations of the aDDM 
for likelihood computation to enable statistical inference. One common 
approach is to adopt what we call the time-averaged drift approxi-
mation (TADA). Broadly speaking, this method aims to simplify the 
computation by summarizing the fixation process 𝑉 (𝑡) through the 
proportion of total gaze time allocated to each option to construct a 
constant ‘‘effective’’ drift, rather than modeling the full sequence of fix-
ation trajectories. Then, the analytical likelihood formula of a standard 
DDM with that ‘‘effective’’ drift is used to compute the trial likelihood. 
This approach simplifies away the computational difficulty associated 
with within-trial covariates, focusing instead on the overall influence 
of gaze for each trial, and allows for fast statistical computations in 
practice.

It is worth noting that implementation details may vary across stud-
ies employing TADA, although the basic idea is shared. For instance, 
the piecewise constant averaging method (Lombardi & Hare, 2021) 
conjectures that for each sample path, conditioned on its first passage 
time 𝜏, a DDM with drift function 𝜇(𝑡) can be viewed as a standard DDM 
whose drift coefficient is given by 
1
𝜏 ∫

𝜏

0
𝜇(𝑡) d𝑡, (3)

and since the aDDM has a piecewise constant drift function 𝜇(𝑡) =
𝐴(𝑉 (𝑡), 𝑟𝐴, 𝑟𝐵), this ‘‘effective’’ drift ends up being 
1
𝜏 ∫

𝜏

0
𝐴(𝑉 (𝑡), 𝑟𝐴, 𝑟𝐵) d𝑡 =

time fixated at A
𝜏

𝐴(A, 𝑟𝐴, 𝑟𝐵) +
time fixated at B

𝜏
𝐴(B, 𝑟𝐴, 𝑟𝐵),

(4)

i.e., the temporal average drift in the aDDM weighted by gaze times. 
The gaze-weighted linear accumulator model (GLAM) (Molter et al., 
2019; Thomas et al., 2019) applies an additional sigmoid transfor-
mation to map the gaze-weighted option values to the ‘‘effective’’ 
drift rate. GLAM also generalizes the DDM to multiple choice options. 
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Nevertheless, the essential assumption underlying all such variants is 
that only the gaze proportions matter for inference, a simplification that 
substantially improves computational tractability.

However, despite its widespread usage, the suitability of using 
TADA to approximate the aDDM (2) has not been quantitatively in-
vestigated. To begin with, regardless of how the ‘‘effective’’ drift is 
defined, TADA is not a well-specified generative model for first passage 
times since its ‘‘effective’’ drift (e.g., in Eq.  (3)) depends on the first 
passage time 𝜏 itself. Consequently, the so-called TADA ‘‘likelihood’’ is 
not a valid likelihood function (see also Fig.  1) and its corresponding 
estimators can only be defined in a formal sense. Nevertheless, it 
has been argued that the aDDM and its piecewise constant averaging 
variant are equivalent (Lombardi & Hare, 2021). More commonly, 
researchers have used TADA as a computational shortcut to fit and test 
the aDDM (Cavanagh et al., 2014; Lupkin & McGinty, 2023; Ramírez-
Ruiz & Moreno-Bote, 2022; Sepulveda et al., 2020; Thomas et al., 2021, 
2019; Ting & Gluth, 2024; Yang & Krajbich, 2023; Yang et al., 2024; 
Zilker, 2024), implicitly suggesting that, although their likelihoods 
may differ for individual sample paths, TADA provides a reasonable 
approximation to the aDDM at the population level of all trial-level 
covariates. Under this assumption, the maximum likelihood or Bayesian 
estimators derived from TADA could remain consistent, making it a 
useful surrogate model for statistical inference and hypothesis testing.

In this work we show that both statements are technically invalid: 
TADA and the aDDM have different likelihood functions (unsurpris-
ingly), and the TADA ‘‘maximum likelihood’’ estimator is inconsistent, 
as demonstrated by a concrete counterexample in Section 4.2. Numer-
ical experiments further demonstrate this inconsistency and show how 
it can, in some circumstances, lead to false conclusions in scientific 
hypothesis testing. Although our analysis does not necessarily invali-
date all prior qualitative conclusions based on TADA, it raises serious 
concerns about its use.

4. Mathematical analysis

In this section we formally prove that a statistical estimator based 
on a TADA can be statistically inconsistent, meaning that the estima-
tor converges to the wrong value as the number of trials increases. 
We illustrate inconsistency in a simple example that permits exact 
mathematical analysis.

4.1. Preliminaries

Here we first summarize the analytical formulas used in the next 
subsection: 

Theorem 4.1.  Let 𝑋(𝑡) = 𝑥0+𝜇𝑡+𝜎𝑊 (𝑡), and for 𝑏 ≠ 𝑥0, let 𝜏𝑏 = inf{𝑡 ≥
0 ∶ 𝑋(𝑡) = 𝑏} be the first passage time of 𝑋(𝑡) to 𝑏, then

1. For 𝑥 satisfying (𝑥 − 𝑏)(𝑥0 − 𝑏) > 0 (𝑥 and 𝑥0 are on the same side 
of 𝑏), the non-passage density (NPD), which is defined as the sub-
probability density of 𝑋(𝑡) when the process has not yet hit 𝑏, is given 
by 
P𝑥0 (𝑋(𝑡) ∈ d𝑥, 𝜏𝑏 > 𝑡)

= 1
√

2𝜋𝜎2𝑡
𝑒

𝜇
𝜎2

(𝑥−𝑥0)−
𝜇2

2𝜎2
𝑡
(

𝑒−
(

𝑥−𝑥0
)2

2𝜎2 𝑡 − 𝑒−
(

𝑥+𝑥0−2𝑏
)2

2𝜎2 𝑡
)

d𝑥
(5)

where P𝑥0  denotes the probability measure under which the process 
starts at 𝑥0.

2. For 𝑡 > 0, the first passage time density (FPTD), which is defined as 
the density of 𝜏𝑏, is given by 

P𝑥0 (𝜏𝑏 ∈ d𝑡) =
|𝑏 − 𝑥0|
√

𝑒−
(𝑏−𝑥0−𝜇𝑡)

2

2𝜎2 𝑡 d𝑡 (6)

2𝜋𝜎2𝑡3

3 
When 𝜇(𝑏 − 𝑥0) > 0, 𝜏𝑏 is an inverse Gaussian random variable1
IG

(

𝑏−𝑥0
𝜇 ,

(

𝑏−𝑥0
𝜎

)2
)

; When 𝜇(𝑏−𝑥0) < 0, Eq. (6) is a subprobability 

density as P(𝜏𝑏 < ∞) = 𝑒
2(𝑏−𝑥0)𝜇

𝜎2 < 1.

 Formula (6) can be derived via various approaches, for example see 
page 96 of Karatzas and Shreve (1991) or Chapter 5.4 of Cox (2017). 
The classical approach involves using the optional sampling theorem to 
study the Laplace transform of 𝜏𝑏 by constructing suitable exponential 
martingales. For completeness we include a self-consistent proof of both 
(5) and (6) in Appendix  A.

4.2. An inconsistent example

Next, we give a simple example to show our two core results:

1. Conditional on the first passage time 𝜏, TADA and the aDDM 
produce different first passage time densities (FPTDs), so TADA 
cannot be viewed as equivalent to the aDDM per sample path. 
In fact, the TADA ‘‘FPTD’’ function does not even integrate to 1 
with respect to 𝜏.

2. In this example, as the sample size 𝑛 → ∞, the TADA estimator 
always converges to a value strictly greater than the true drift 
parameter. Hence, it is statistically inconsistent.

We consider a Brownian motion with piecewise constant drift given 
by 

d𝑋(𝑡) = 𝜇1[0,𝑇 ](𝑡) d𝑡 + d𝑊 (𝑡) (7)

starting at 𝑋(0) = 0 and a constant upper boundary 𝑢(𝑡) = 𝑏, where 
𝑏 > 0 and 𝑇 > 0 are known constants, 𝜇 ∈ R is the drift parameter to 
be inferred, and 1[0,𝑇 ](𝑡) denotes the indicator function that takes value 
1 if 𝑡 ∈ [0, 𝑇 ] and 0 otherwise. Let 𝜏 = inf{𝑡 > 0 ∶ 𝑋(𝑡) = 𝑏} be the first 
passage time of 𝑋(𝑡) to level 𝑏. This can be viewed either as an aDDM 
with only one boundary or as an attentional race model with only one 
accumulator; in both cases, there is one fixed saccade.

We also define 

𝛼(𝜇, 𝑡, 𝑇 ) =

{

𝜇 𝑡 ≤ 𝑇
𝑇
𝑡 𝜇 𝑡 > 𝑇

(8)

to represent the average of the drift term until time 𝑡. This is the 
‘‘effective’’ drift (3) constructed by the piecewise constant averaging 
method (Lombardi & Hare, 2021), which we adopt as the representative 
form of TADA in our subsequent analysis.

4.2.1. Non-equivalence of FPTDs
When 𝜏 ≤ 𝑇 , 𝜏 is distributed according to Eq. (6); when 𝜏 > 𝑇 , we 

view this process as a DDM with a random initial position 𝑥0, where its 
density is specified by the NPD in Eq. (5). To obtain the distribution of 
𝜏 in this case, we integrate Eq. (6) over the NPD. To be more specific, 

1 The inverse Gaussian distribution IG(𝑚, 𝜆) is a family of continuous 
probability distributions, where 𝑚 > 0 is the mean and 𝜆 > 0 is the shape 
parameter. It is supported on 𝑥 ∈ (0,∞), with probability density function and 
cumulative distribution function given by

𝑓 (𝑥;𝑚, 𝜆) =
√

𝜆
2𝜋𝑥3

𝑒−
𝜆(𝑥−𝑚)2

2𝑚2𝑥

𝐹 (𝑥;𝑚, 𝜆) = 1 − 1
2
Erfc

(
√

𝜆
2𝑥

(

𝑥
𝑚
− 1

))

+ 1
2
𝑒

2𝜆
𝑚 Erfc

(
√

𝜆
2𝑥

(

𝑥
𝑚
+ 1

))

respectively, where Erfc is the complementary error function defined by 
Erfc(𝑥) = 2

√

𝜋
∫ ∞
𝑥 𝑒−𝑧2 d𝑧. Its 𝑚 = ∞ limit is the Lévy distribution, corresponding 

to the special case 𝜇 = 0 in Theorem  4.1, which directly follows from the 
reflection principle of Brownian motion.
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when 𝜏 > 𝑇 , the FPTD 𝑓aDDM(𝜏;𝜇) is given by ∫ 𝑏
−∞

1
√

2𝜋𝑇
𝑒𝜇𝑥−

𝜇2
2 𝑇

(

𝑒−
𝑥2
2𝑇 −

𝑒−
(𝑥−2𝑏)2

2𝑇
)

𝑏−𝑥
√

2𝜋(𝜏−𝑇 )3
𝑒−

(𝑏−𝑥)2
2(𝜏−𝑇 ) d𝑥, which simplifies to 

𝑓aDDM(𝜏;𝜇)

=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑏
√

2𝜋𝜏3
𝑒−

(𝑏−𝜇𝜏)2
2𝜏 𝜏 ≤ 𝑇

1
2
√

2𝜋𝜏3
𝑒−

(𝑇𝜇−𝑏)2
2𝜏

[

𝑒
2𝑏𝜇(𝜏−𝑇 )

𝜏 (𝑇𝜇 + 𝑏) Erfc
(

(𝑇𝜇 + 𝑏)
√

𝜏−𝑇
2𝑇 𝜏

)

−(𝑇𝜇 − 𝑏) Erfc
(

(𝑇𝜇 − 𝑏)
√

𝜏−𝑇
2𝑇 𝜏

)] 𝜏 > 𝑇

(9)

where Erfc(𝑥) = 2
√

𝜋
∫ ∞
𝑥 𝑒−𝑧2 d𝑧 is the complementary error function2 

(see details of this calculation in Appendix  D.1). In contrast, the TADA 
‘‘FPTD’’ is 

𝑓TADA(𝜏;𝜇) =
𝑏

√

2𝜋𝜏3
𝑒−

(𝑏−𝛼(𝜇,𝜏,𝑇 )𝜏)2
2𝜏 =

⎧

⎪

⎨

⎪

⎩

𝑏
√

2𝜋𝜏3
𝑒−

(𝑏−𝜇𝜏)2
2𝜏 𝜏 ≤ 𝑇

𝑏
√

2𝜋𝜏3
𝑒−

(𝑏−𝑇𝜇)2
2𝜏 𝜏 > 𝑇

(10)

When 𝜏 ≤ 𝑇 , Eqs.  (9) and (10) are the same, which corresponds to 
the case where the participant never switches their visual fixation. To 
compare Eqs.  (9) and (10) when 𝜏 > 𝑇 , we study their integrals w.r.t. 
𝜏 from 𝑇  to ∞. The true probability of hitting after 𝑇  is given by 

P(𝜏 > 𝑇 ) =1 − ∫

𝑇

0

𝑏
√

2𝜋𝑡3
𝑒−

(𝑏−𝜇𝑡)2
2𝑡 d𝑡

=1
2
Erfc

(𝑇𝜇 − 𝑏
√

2𝑇

)

− 1
2
𝑒2𝑏𝜇 Erfc

(𝑇𝜇 + 𝑏
√

2𝑇

)

(11)

as Eq. (9) is a valid probability density when viewed as a function of 
𝜏. However, integrating Eq. (10) w.r.t. 𝜏 over (𝑇 ,∞) gives 

∫

∞

𝑇

𝑏
√

2𝜋𝑡3
𝑒−

(𝑏−𝑇𝜇)2
2𝑡 d𝑡 =

⎧

⎪

⎨

⎪

⎩

𝑏
𝑇𝜇−𝑏

(

1 − Erfc
(

𝑇𝜇−𝑏
√

2𝑇

))

𝑇𝜇 ≠ 𝑏
√

2
𝜋𝑇 𝑏 𝑇𝜇 = 𝑏

(12)

We compare Eqs.  (11) and (12) when 𝑇𝜇 = 𝑏: (11) reduces to 12
(

1 −

𝑒
2𝑏2
𝑇 Erfc

(
√

2
𝑇 𝑏

))

 which is always ≤ 1
2 ; In contrast, Eq. (12) gives 

√

2
𝜋𝑇 𝑏, which can be any positive number as 𝑏 and 𝑇  vary within (0,∞). 

As a result, the aDDM FPTD Eq. (9) and the TADA ‘‘FPTD’’ Eq. (10) are 
different for 𝜏 > 𝑇  (see Fig.  1 for illustration). Hence, the aDDM and 
TADA are not equivalent, except in the trivial case with no saccades.

4.2.2. Inconsistency of the TADA estimator
In this section, we study the inference of parameter 𝜇 using the 

dataset (𝜏𝑖)𝑛𝑖=1, where 𝜏1,… , 𝜏𝑛 are independent and identically dis-
tributed as 𝜏.

We can write the maximum likelihood estimator (MLE) 

𝜇ML𝑛 = argmax
𝜇

𝑛
∏

𝑖=1
𝑓aDDM(𝜏𝑖;𝜇) (13)

which maximizes the likelihood in Eq. (9) on dataset (𝜏𝑖)𝑛𝑖=1, and the 
corresponding TADA ‘‘maximum likelihood’’ estimator 

𝜇TADA𝑛 = argmax
𝜇

𝑛
∏

𝑖=1
𝑓TADA(𝜏𝑖;𝜇) (14)

The consistency of 𝜇ML𝑛  follows from known results about the consis-
tency of MLEs (see Appendix  C).

2 We use Erfc throughout this paper for notational consistency. However, it 
can be equivalently expressed in terms of the error function Erf or the normal 
CDF 𝛷.
4 
Here we prove that 𝜇TADA𝑛  is not a consistent estimator of 𝜇. We 
write the TADA negative log-likelihood
𝓁TADA𝑛 (𝜇 ∣ 𝜏1,… , 𝜏𝑛)

≜ −
𝑛
∑

𝑖=1
log 𝑓TADA(𝜏𝑖;𝜇)

= −𝑛 log(𝑏) + 𝑛
2
log(2𝜋) +

𝑛
∑

𝑖=1

( 3
2
log 𝜏𝑖 +

1
2𝜏𝑖

(𝑏 − 𝛼(𝜇, 𝜏𝑖, 𝑇 )𝜏𝑖)2
)

and 𝜇TADA𝑛 (14) is given by 
̂TADA𝑛 = argmin

𝜇
𝓁TADA𝑛 (𝜇 ∣ 𝜏1,… , 𝜏𝑛). (15)

Setting 𝜕𝓁
TADA
𝑛
𝜕𝜇  to 0, we get 

0 =
𝜕𝓁TADA𝑛

𝜕𝜇
(𝜇TADA𝑛 ∣ 𝜏1,… , 𝜏𝑛)

=
𝑛
∑

𝑖=1
𝛼𝜇(𝜇TADA𝑛 , 𝜏𝑖, 𝑇 )(𝛼(𝜇TADA𝑛 , 𝜏𝑖, 𝑇 )𝜏𝑖 − 𝑏),

(16)

where

𝛼𝜇(𝜇, 𝜏, 𝑇 ) =
𝜕
𝜕𝜇

𝛼(𝜇, 𝜏, 𝑇 ) =

{

1 𝑡 ≤ 𝑇
𝑇
𝑡 𝑡 > 𝑇 .

One can verify that the second derivative is ∑𝑛
𝑖=1(𝛼𝜇(𝜇

TADA
𝑛 , 𝜏𝑖, 𝑇 ))2𝜏𝑖 > 0

so 𝜇TADA𝑛  minimizes 𝓁TADA𝑛 . To proceed, we assume that 0 < 𝜏1 ≤ ⋯ ≤
𝜏𝑚 ≤ 𝑇 < 𝜏𝑚+1 ≤ ⋯ ≤ 𝜏𝑛, then Eq. (16) becomes 

0 =
𝑚
∑

𝑖=1
(𝜇TADA𝑛 𝜏𝑖 − 𝑏) +

𝑛
∑

𝑖=𝑚+1

𝑇
𝜏𝑖
(𝑇𝜇TADA𝑛 − 𝑏)

=
(

𝑚
∑

𝑖=1
𝜏𝑖
)

𝜇TADA𝑛 − 𝑚𝑏 +
(

𝑛
∑

𝑖=𝑚+1

1
𝜏𝑖

)

𝑇 2𝜇TADA𝑛 −
(

𝑛
∑

𝑖=𝑚+1

1
𝜏𝑖

)

𝑇 𝑏

(17)

which further simplifies to 

̂TADA𝑛 =
𝑚𝑏 +

(

∑𝑛
𝑖=𝑚+1

1
𝜏𝑖

)

𝑇 𝑏
∑𝑚

𝑖=1 𝜏𝑖 +
(

∑𝑛
𝑖=𝑚+1

1
𝜏𝑖

)

𝑇 2
(18)

Dividing both the numerator and denominator of Eq. (18) by 𝑛, we can 
invoke the strong law of large numbers to get 

̂TADA𝑛
a.s.
←←←←←←←←←←←←←←→ 𝜇,  where 𝜇 ≜

P(𝜏 ≤ 𝑇 )𝑏 + E[ 𝑇𝜏 1𝜏>𝑇 ]𝑏

E[𝜏1𝜏≤𝑇 ] + E[ 𝑇𝜏 1𝜏>𝑇 ]𝑇
(19)

Here a.s.
←←←←←←←←←←←←←←→ denotes almost sure convergence, which is defined as

P(𝜇TADA𝑛 → 𝜇) = 1. Since E[𝜏1𝜏≤𝑇 ] < E[𝑇1𝜏≤𝑇 ] = 𝑇P(𝜏 ≤ 𝑇 ) and 
noting that the strict inequality follows from the fact that P(𝜏 < 𝑇 ) > 0, 
Eq. (19) immediately gives 𝜇 > 𝑏

𝑇 . This shows that 𝜇TADA𝑛  cannot be 
consistent as the true 𝜇 is allowed to be ≤ 𝑏

𝑇 . However, we can also 
prove the following stronger claim: 

Theorem 4.2.  For any 𝜇 ∈ R, we always have 𝜇 > max{𝜇, 𝑏
𝑇 }.

To prove Theorem  4.2, we need the following lemmas: 

Lemma 4.3.  If 0 < 𝑎 < 𝐴 and 0 < 𝑑 < 𝐷, then 𝐴+𝑑𝑎+𝑑 > 𝐴+𝐷
𝑎+𝐷 .

The proof of Lemma  4.3 is straightforward. 

Lemma 4.4. 𝜑(𝑥) ≜ 𝑥𝑒𝑥2 Erfc(𝑥) is strictly increasing on R.

Proof of Lemma  4.4. 𝜑′(𝑥) = 𝑒𝑥2 (2𝑥2+1) Erfc(𝑥)− 2
√

𝜋
𝑥. By the bounds 

on Mill’s ratio 𝑒𝑥2 Erfc(𝑥) > 2
√

𝜋
1

𝑥+
√

𝑥2+2
 (see Olver et al. (2010) 7.8.2), 

we have

𝜑′(𝑥) > 2
√

2𝑥2 + 1
√

− 2
√

𝑥 = 2
√

𝑥2 + 1 − 𝑥
√

𝑥2 + 2
√

𝜋 𝑥 + 𝑥2 + 2 𝜋 𝜋 𝑥 + 𝑥2 + 2
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Fig. 1. Plots of 𝑓aDDM(9) (blue curve), 𝑓TADA(10) (orange curve) as functions of 𝜏 when 𝜇 = 2, 𝑏 = 1, 𝑇 = 0.5. The additional green curve is the FPTD when the 
drift is constant 𝜇 instead of 𝜇1[0,𝑇 ](𝑡). All three functions are the same when 𝜏 ≤ 𝑇 , but become different when 𝜏 > 𝑇 . The area under 𝜏 ↦ 𝑓aDDM(𝜏;𝜇) and 
𝜏 ↦ 𝑏

√

2𝜋𝜏3
𝑒−

(𝑏−𝜇𝜏)2

2𝜏  are each 1 while that of 𝜏 ↦ 𝑓TADA(𝜏;𝜇) is not 1. This discrepancy arises because TADA is not a well-specified model, and 𝑓TADA(𝜏;𝜇) is not a 
proper probability density function.
This is obviously >0 when 𝑥 ≤ 0. When 𝑥 > 0 we can continue to write

𝜑′(𝑥) > 2
√

𝜋
(𝑥2 + 1)2 − (𝑥

√

𝑥2 + 2)2

(𝑥 +
√

𝑥2 + 2)(𝑥2 + 1 + 𝑥
√

𝑥2 + 2)

= 2
√

𝜋
1

(𝑥 +
√

𝑥2 + 2)(𝑥2 + 1 + 𝑥
√

𝑥2 + 2)
> 0

So 𝜑(𝑥) is strictly increasing on R. ■

Proof of Theorem  4.2.  Notice that E[ 𝑇𝜏 1𝜏>𝑇 ] < E[1𝜏>𝑇 ] = P(𝜏 > 𝑇 ) so 
by Lemma  4.3 we have

𝜇 = 𝑏
𝑇

P(𝜏 ≤ 𝑇 )𝑇 + E[ 𝑇𝜏 1𝜏>𝑇 ]𝑇

E[𝜏1𝜏≤𝑇 ] + E[ 𝑇𝜏 1𝜏>𝑇 ]𝑇

> 𝑏
𝑇

P(𝜏 ≤ 𝑇 )𝑇 + P(𝜏 > 𝑇 )𝑇
E[𝜏1𝜏≤𝑇 ] + P(𝜏 > 𝑇 )𝑇

= 𝑏
E[𝜏1𝜏≤𝑇 ] + P(𝜏 > 𝑇 )𝑇

P(𝜏 > 𝑇 ) is given by Eq. (11). We can also compute that 

E[𝜏1𝜏≤𝑇 ] =∫

𝑇

0

𝑏𝑡
√

2𝜋𝑡3
𝑒−

(𝑏−𝜇𝑡)2
2𝑡 d𝑡

= 𝑏
𝜇

(

1 − 1
2
Erfc

(𝑇𝜇 − 𝑏
√

2𝑇

)

− 1
2
𝑒2𝑏𝜇 Erfc

(𝑇𝜇 + 𝑏
√

2𝑇

)

) (20)

(see details of this derivation in Appendix  D.2). So to prove that 𝜇 > 𝜇, 
it suffices to prove

𝑏
𝑏
𝜇

(

1− 1
2 Erfc

(

𝑇𝜇−𝑏
√

2𝑇

)

− 1
2 𝑒

2𝑏𝜇 Erfc
(

𝑇𝜇+𝑏
√

2𝑇

))

+𝑇
(

1
2 Erfc

(

𝑇𝜇−𝑏
√

2𝑇

)

− 1
2 𝑒

2𝑏𝜇 Erfc
(

𝑇𝜇+𝑏
√

2𝑇

)) > 𝜇

which further simplifies to 

(𝑇𝜇 + 𝑏)𝑒2𝑏𝜇 Erfc
(𝑇𝜇 + 𝑏

√

2𝑇

)

> (𝑇𝜇 − 𝑏) Erfc
(𝑇𝜇 − 𝑏

√

2𝑇

)

. (21)

Note that this can be rewritten as 𝜑
(

𝑇𝜇+𝑏
√

2𝑇

)

> 𝜑
(

𝑇𝜇−𝑏
√

2𝑇

)

 where 𝜑(𝑥) =
𝑥𝑒𝑥2 Erfc(𝑥), so by Lemma  4.4, the inequality (21) holds. ■

5. Numerical examples

In this section we provide some numerical examples to further 
demonstrate the inconsistency of 𝜇TADA.
𝑛

5 
Table 1
Values of the true 𝜇, the maximum likelihood estimator 𝜇ML𝑛 (13), the TADA 
‘‘maximum likelihood’’ estimator 𝜇TADA𝑛 (14) and its limit 𝜇 (19).
 𝜇 𝜇ML𝑛 𝜇 𝜇TADA𝑛  
 1 0.996 2.613 2.606 

5.1. DDM with one-sided boundary

We first conduct a numerical illustration of our proposed counterex-
ample (7) in Section 4.2. We simulate an i.i.d. dataset of first passage 
times (𝜏𝑖)𝑛𝑖=1 where 𝑛 = 10,000, using Euler–Maruyama discretization of 
(7) with a sufficiently small time step. With 𝑏 = 1 and 𝑇 = 0.5, we aim 
to infer 𝜇 from the dataset (𝜏𝑖)𝑛𝑖=1.

We compute both the TADA ‘‘maximum likelihood’’ estimator ̂𝜇TADA𝑛
(14) and the generic maximum likelihood estimator 𝜇ML𝑛 (13). We then 
compare them with the true 𝜇 and 𝜇 (19), the derived theoretical 
large-sample limit of 𝜇TADA𝑛 .3 The results are summarized in Table  1.

The results demonstrate that 𝜇TADA𝑛  converges to 𝜇 rather than the 
true 𝜇 as 𝑛 → ∞, confirming its inconsistency. In contrast, the maximum 
likelihood estimator 𝜇ML

𝑛  correctly converges to 𝜇.

5.2. DDM with double-sided boundaries

In this section we conduct a parameter recovery study for a DDM 
with one upper boundary and one lower boundary. The model is 
defined as 

d𝑋(𝑡) = 𝐴(𝑉 (𝑡)) d𝑡 + 𝜎 d𝑊 (𝑡),

where 𝐴(𝑣) ≜
{

𝜇1 if 𝑣 = A,
𝜇2 if 𝑣 = B.

(22)

The drift function 𝜇(𝑡) = 𝐴(𝑉 (𝑡)) is a piecewise constant function 
alternating between 𝜇1 and 𝜇2 depending on the fixation trajectory 𝑉 (𝑡). 
For each trial 𝑖, the fixation trajectory 𝑉𝑖(𝑡) was sampled from a gamma 
process to mimic the switching of attention in psychological experi-
ments. Compared to the previous example in Section 5.1, this model 
includes two absorbing boundaries and incorporates an attentional drift 

3 P(𝜏 ≤ 𝑇 ) and E[𝜏1𝜏≤𝑇 ] are given by Eqs.  (11) and (20) respectively. 
E[ 𝑇 1 ] can be calculated with numerical integration accurately.
𝜏 𝜏>𝑇
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Table 2
Values of the true 𝜇1, 𝜇2, the maximum likelihood estimators 𝜇ML1,𝑛 , 𝜇

ML
2,𝑛 , the 

TADA ‘‘maximum likelihood’’ estimators 𝜇TADA1,𝑛 , 𝜇TADA2,𝑛 .

 𝜇1 𝜇ML1,𝑛 𝜇TADA1,𝑛 𝜇2 𝜇ML2,𝑛 𝜇TADA2,𝑛  
 1 1.003 1.684 −0.8 −0.796 −1.478 

mechanism more closely aligned with the aDDM (2), while remaining 
a simplified variant that excludes option-value covariates.

We simulate a collection of 𝑛 = 10,000 visual fixation trajectories 
(𝑉𝑖)𝑛𝑖=1 and the corresponding dataset ((𝜏𝑖, 𝐶𝑖))𝑛𝑖=1 from a prescribed DDM 
model (22) with alternating drifts 𝜇1, 𝜇2, constant diffusion 𝜎 = 1 and 
symmetric constant boundaries 𝑢 = −𝓁 = 1.5 starting at 𝑥0 = −0.2. The 
average number of fixations per trial in our simulation was 3.806.

TADA follows the same approach as in the one-boundary case: for 
each trial it replaces the time-varying drift rate 𝜇(𝑡) of the DDM with 
the constant drift rate 𝜏−1 ∫ 𝜏

0 𝜇(𝑡) d𝑡. This constant drift is further used to 
evaluate the formulas for first passage time densities on the upper and 
lower boundaries of a standard DDM (1) with two boundaries, which 
are available as infinite series (Cox, 2017; Gondan et al., 2014; Navarro 
& Fuss, 2009). This allows us to compute the estimator ̂𝜇TADA1,𝑛  and ̂𝜇TADA2,𝑛
from the simulated data. The computations of the generic MLEs 𝜇ML1,𝑛
and 𝜇ML2,𝑛 , are however more involved, as the first passage time density 
of the DDM (22) is analytically intractable. In our parallel work (Liu 
et al., 2026), we develop an algorithm efpt for the fast and accurate 
computation of first passage time densities in DDMs with ‘‘multi-stage’’ 
structures, such as those with piecewise constant drift functions like 
(22) and (2). We use this algorithm to evaluate the likelihood and 
obtain the MLEs. The estimation results are summarized in Table  2.

From the table, we conclude again that 𝜇ML1,𝑛  and 𝜇ML2,𝑛  accurately 
estimate the true values of 𝜇1 and 𝜇2 respectively, while 𝜇TADA1,𝑛  and 
𝜇TADA2,𝑛  do not. Similarly to the results in Example 5.1, 𝜇TADA1,𝑛  and 𝜇TADA2,𝑛
overestimates the amplitude of the drifts. However, the theoretical 
large sample limits of 𝜇TADA1,𝑛  and 𝜇TADA2,𝑛  are unknown in this case.

5.3. Attentional DDM

We conclude this section by studying the consequences of using 
TADA to perform statistical inference of aDDM (2) parameters.

5.3.1. Statistical inconsistency in parameter recovery
We first show the inconsistency in aDDM parameter estimation, as 

in the previous two subsections. Similar to the setup in Example 5.2, we 
simulate 𝑛 = 10,000 visual fixation trajectories (𝑉𝑖(𝑡))𝑛𝑖=1 from a gamma 
process. The corresponding option ratings ((𝑟𝐴,𝑖, 𝑟𝐵,𝑖))𝑛𝑖=1 are drawn from 
a discrete uniform distribution over {1, 2, 3, 4, 5}, and the associated 
decision data ((𝜏𝑖, 𝐶𝑖))𝑛𝑖=1 are generated accordingly. In this example, 
we set the boundaries to be symmetric (𝑢 = −𝓁) and aim to estimate 
all four free parameters from data, namely 𝜂, 𝜅, 𝑢 and 𝑥0. The likelihood 
is then evaluated using both TADA (as described in Section 3) and efpt
(Liu et al., 2026), from which the corresponding maximum likelihood 
estimators are obtained.

The true parameters are set to 𝜅 = 0.5, 𝑢 = 2, and 𝑥0 = 0.5. Since 𝜂
is the primary parameter of interest for testing the aDDM, we vary its 
true value from 0 to 1 in increments of 0.05 to examine the estimation 
error across different levels of 𝜂. The relations of the true 𝜂, the TADA 
‘‘maximum likelihood’’ estimator ̂𝜂TADA𝑛 , and the MLE ̂𝜂ML𝑛  are shown in 
Fig.  2.

From Fig.  2, we can see that the ̂𝜂ML𝑛  aligns closely with the identity 
line 𝑦 = 𝑥, even for small sample size (𝑛 = 100), and becomes nearly 
exact when 𝑛 = 10,000. This indicates the consistency of 𝜂ML𝑛 : as the 
sample size grows, the estimator converges to the true parameter. How-
ever, 𝜂TADA𝑛  systematically underestimates 𝜂. Even when 𝑛 = 10,000, 
the red points remain well below the identity line, showing persistent 
asymptotic bias that does not vanish with larger 𝑛. This confirms 
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that the TADA ‘‘maximum likelihood’’ estimator is inconsistent. It is 
worth noting that 𝜂 = 1 corresponds to the case with no attentional 
effect, where the model reduces to the standard DDM. In this case, 
the TADA ‘‘likelihood’’ coincides with the analytical likelihood solution 
of the standard DDM, and the bias therefore vanishes. As 𝜂 decreases 
towards 0 (indicating stronger attentional effects), the bias 𝜂TADA𝑛 − 𝜂
grows larger. Indeed, the original aDDM study (Krajbich et al., 2010), 
which fitted the model via expensive forward simulation, reported 
a maximum-likelihood estimate of 0.3, a value in the range where 
TADA exhibits substantial bias. When 𝜂 is close to 0 (approximately 
<0.2), 𝜂TADA𝑛  even takes negative values, which are not physically mean-
ingful.4 Indeed, a recent study comparing TADA fits to multiple datasets 
across humans and monkeys often reported individuals with 𝜂 < 0
(Lupkin & McGinty, 2023).

In this specific example, the TADA estimator is strongly correlated 
with the true parameter, perhaps suggesting that it can still be useful 
for qualitatively measuring attentional effects in an aDDM. Indeed, our 
results need not imply that all previous reported qualitative conclusions 
about attentional effects based on TADA are invalid. However, in the 
next section, we show that it is easy to construct realistic circumstances 
in which TADA can lead to erroneous qualitative scientific conclusions 
about which of two populations exhibits a stronger attentional effect, 
providing further caution against its use. The problem is that the mag-
nitude of the bias exhibited in Fig.  2 is affected by the other parameters 
defining the aDDM. If these parameters differ across populations, then 
differences in TADA estimates of attention can be driven by changes in 
these other parameters, not by changes in attention.

5.3.2. Scientific hypothesis testing
Let I and II denote two populations, and let 𝜂I and 𝜂II denote 

their respective attentional modulation parameters. A natural scientific 
question is whether the two populations differ in how attention shapes 
their decisions, or whether attentional modulation is stronger in one 
population than in the other. This question can be formalized by com-
paring the attentional modulation parameters 𝜂I and 𝜂II using decision 
data collected from the two populations. The inferential target is the 
contrast

𝛥𝜂 ≜ 𝜂I − 𝜂II.

We consider two plug-in estimators of this contrast:

𝛥𝜂
ML

≜ 𝜂ML
I − 𝜂ML

II ,

𝛥𝜂
TADA

≜ 𝜂TADAI − 𝜂TADAII ,

where 𝜂ML
I  and 𝜂ML

II  are obtained by maximizing the full aDDM like-
lihood (computed by efpt Liu et al., 2026) separately for the two 
populations, while 𝜂TADAI  and 𝜂TADAII  are the corresponding estimates 
obtained under the TADA approximation.

Because the two samples come from different populations, it is 
important not to assume that the remaining model components are 
identical. The nuisance parameters, such as drift scale 𝜅, boundary 
separation 𝑎, and starting point 𝑥0, may differ across populations. 
Moreover, the covariates themselves, such as item ratings and fixation 
patterns, may follow different distributions in the two populations.

We consider two simulation settings.

1. Populations I and II share the same nuisance parameters 𝜅 = 0.5, 
𝑎 = 2, and 𝑥0 = 0, and their fixation times are sampled from 
the same gamma distribution with shape 4 and rate 10. Their 
item ratings differ: population I uses Uniform({1,… , 9}), while 

4 The negative values of 𝜂TADA𝑛  arise partly because we use unconstrained 
numerical optimization in this experiment. If one instead imposes the natural 
constraint 𝜂 ∈ [0, 1], then estimates that would otherwise be negative are 
truncated at the boundary 𝜂 = 0. This keeps the estimates within the admissible 
parameter space, but it does not resolve the underlying inconsistency of TADA.
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Fig. 2. Plots of the values of estimator ̂𝜂TADA𝑛  (red points) and ̂𝜂ML𝑛  (blue points) against the true value 𝜂 with 𝑛 = 100 (left subplot) and 𝑛 = 10,000 (right subplot). 
The black line is the plot of the identity function 𝑦 = 𝑥 which serves as the reference for consistent estimation. 𝜂 = 0 means maximal attentional effect that the 
decision-maker completely ignores the non-fixated item in evidence accumulation, whereas 𝜂 = 1 corresponds to no attentional effect, in which case the model 
reduces to the standard DDM.
Fig. 3. Plots of the values of estimator ̂𝛥𝜂TADA𝑛  (red points) and ̂𝛥𝜂ML𝑛  (blue points) against the true value 𝜂 with 𝑛 = 2, 000 under two different simulation settings. 
In the left panel, populations I and II differ in their item-rating distributions. In the right panel, they differ in their boundary parameters. The black line is the 
plot of the identity function 𝑦 = 𝑥 which serves as the reference for consistent estimation. Error bars represent the standard deviations across 50 replicate random 
simulations. The second and fourth quadrants are shaded, indicating regions where the estimated 𝛥𝜂 has the opposite sign from the true 𝛥𝜂. Thus, any estimate 
falling in these shaded regions corresponds to an incorrect qualitative conclusion about which group has the larger attentional effect.
population II uses Uniform({4, 5, 6}). These distributions have the 
same mean 5 but different variability. This setting captures a 
population difference in the dispersion of subjective item values.

2. Populations I and II share the same parameters 𝜅 = 0.5 and 
𝑥0 = 0. Their fixation times are sampled from the same gamma 
distribution with shape 4 and rate 10, and their item ratings are 
both sampled from Uniform({1, 2, 3}). However, the boundary 
parameters differ: 𝑎I = 1.2 and 𝑎II = 3.5. The second setting 
captures a population difference in response caution.

For both settings, we set 𝜂I = 0.3 and estimate 𝛥𝜂 as the true 𝛥𝜂 varies 
from −0.1 to 0.1. We plot the estimators 𝛥𝜂 from 𝑛 = 2,000 number of 
data versus the true 𝛥𝜂 in Fig.  3.

Fig.  3 shows that, unsurprisingly, 𝛥𝜂TADA is inconsistent in both 
settings. More concerningly, the bias can be large enough to reverse 
the sign of the estimated contrast relative to the true 𝛥𝜂. For example, 
in the left panel, when 𝛥𝜂 is approximately in (−0.08, 0), 𝛥𝜂TADA10000  is posi-
tive. In the right panel, when 𝛥𝜂 is approximately in (0, 0.06), 𝛥𝜂TADA
10000
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mostly takes negative values. Thus, TADA may not merely distort 
the magnitude of the estimated attentional effect; it can also lead 
to qualitatively incorrect conclusions about which population exhibits 
stronger attentional modulation.

From the results in Fig.  3, we can formally construct hypothesis 
testing examples to showcase how TADA inconsistency can mislead 
scientific conclusions. Specifically,

1. Under simulation setting 1, we take 𝛥𝜂 = −0.05, hence 𝜂I = 0.30
and 𝜂II = 0.35. We conduct the following one-sided likelihood 
ratio test (LRT)5:

𝐻0 ∶ 𝜂I ≤ 𝜂II vs. 𝐻1 ∶ 𝜂I > 𝜂II,

5 As discussed earlier in Section 4.2.1, the TADA FPTD does not yield a valid 
likelihood function, and the likelihood ratio test based on the TADA likelihood 
should therefore only be understood in a formal sense.
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at significance level 𝛼 = 0.05. In this setting, 𝐻0 is true.
We repeat the simulation 200 times. The LRT based on the 
aDDM likelihood correctly does not reject 𝐻0 in any replication, 
resulting in no Type I errors. In contrast, the LRT based on the 
TADA likelihood incorrectly rejects 𝐻0 69 times, corresponding 
to an empirical Type I error rate of 69∕200 = 0.345.

2. Under simulation setting 2, we take 𝛥𝜂 = 0.05, hence 𝜂I =
0.30 and 𝜂II = 0.25. We conduct the same one-sided LRT at 
significance level 𝛼 = 0.05. In this setting, 𝐻0 is false.
Again, we repeat the simulation 200 times. The LRT based on 
the aDDM likelihood rejects 𝐻0 72 times, corresponding to an 
empirical power of 72∕200 = 0.36. In contrast, the LRT based on 
the TADA likelihood rejects 𝐻0 only 2 times, corresponding to 
an empirical power of 2∕200 = 0.01.

The reason behind these results is simple: the non-zero asymp-
totic bias for TADA ‘‘maximum likelihood’’ estimator varies with nui-
sance parameter and covariate values. Therefore, when comparing two 
populations with different nuisance parameters or different covariate 
distributions, the TADA-induced biases in the two populations need 
not cancel, and can distort the relative size. Thus, TADA can fail not 
only quantitatively, by producing biased parameter estimates, but also 
qualitatively, by leading to incorrect scientific conclusions about the 
direction of population differences, especially when these differences 
are subtle, as may often be the case.

These are only two representative examples of the consequences 
of TADA inconsistency; more failures should be expected in other 
settings. In contrast, the generic maximum likelihood estimator is con-
sistent, so its asymptotic bias is always zero, and the estimated values 
closely track the identity line across the range of 𝛥𝜂. It fits naturally 
within the likelihood-ratio testing framework and produces statistically 
interpretable results.

6. Conclusion

In this paper, we present several simple yet compelling examples 
demonstrating that ‘‘maximum likelihood’’ estimators based on TADA 
yield inconsistent estimates of the aDDM parameters. This inconsis-
tency is a natural consequence of the fact that TADA does not define a 
well-specified forward generative model (because the TADA drift at a 
given time is only determined by the future decision time). We establish 
this inconsistency through theoretical derivations for the DDM with a 
single absorbing boundary, support it with numerical simulations, and 
further demonstrate it numerically for the DDM with two absorbing 
boundaries, as well as for the full aDDM. For the aDDM we also 
provide an example illustrating the deleterious effects of inconsistency 
on downstream scientific conclusions.

Numerous recent studies on the aDDM have relied on TADA or 
similar approximations that ignore the fixation path (Cavanagh et al., 
2014; Lupkin & McGinty, 2023; Ramírez-Ruiz & Moreno-Bote, 2022; 
Sepulveda et al., 2020; Smith et al., 2019; Thomas et al., 2021, 2019; 
Ting & Gluth, 2024; Yang & Krajbich, 2023; Yang et al., 2024; Zilker, 
2024). This paper suggests that such an approach may not be as reliable 
as previously assumed, owing to the demonstrated inconsistency of the 
resulting estimators. We consider our findings as a note of caution in 
that regard.

We note that although this work focuses on the canonical multi-
plicative form of the aDDM, our main conclusion regarding estimator 
inconsistency extends to other model variants as well, as long as they 
also admit a similar TADA type estimator described in Section 3. 
More broadly, attention-driven evidence accumulation for preferential 
choice has a long history in the sequential-sampling tradition, from 
decision field theory and its multi-alternative extension (Busemeyer 
& Townsend, 1993; Roe et al., 2001) to models in which the drift is 
explicitly piecewise and switches with attention, such as multistage 
diffusion models (Diederich, 2016) and multi-attribute accumulator 
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models (Holmes et al., 2016; Trueblood et al., 2014). While these 
models vary in details, these capture the notion that decision makers 
can selectively attend to different attributes of each choice option, 
constructing their preferences for one option over the other via se-
quential sampling of momentary preferences. Typically, such models 
have either not been fit quantitatively to experimental data (Roe et al., 
2001), relied on TADA approaches (Yang & Krajbich, 2023) or ex-
pensive simulations (Trueblood et al., 2026). Furthermore, beyond 
the attention effect, constant-parameter approximations to DDMs with 
time-dependent drift terms, where the ‘‘effective’’ constant parame-
ter depends on the first passage time itself, should generally not be 
expected to yield reliable statistical conclusions.

Our findings underscore the need for a fast and statistically sound 
algorithm for computing the likelihood function of the aDDM, either 
exactly or through mathematically justified approximations. Our paral-
lel work (Liu et al., 2026) introduces such a fast and accurate algorithm
efpt for evaluating first passage time densities for DDMs, achieving 
state-of-the-art inference speed and outperforming previous methods 
(Shinn et al., 2020) by orders of magnitude for aDDMs. In fact, this 
work enabled the efficient execution of the numerical experiments 
presented in this paper. We therefore recommend that future aDDM 
analyses use likelihood-based methods such as those developed in Liu 
et al. (2026) and the accompanying software in https://github.com/
RiverFlowsInYou98/efficient-fpt, and that existing results obtained us-
ing TADA be reexamined when appropriate. The algorithms in Liu 
et al. (2026) are grounded in rigorous mathematical theory while 
simultaneously offering computational efficiency comparable to TADA. 
We expect that the core ideas underlying the algorithms of Liu et al. 
(2026) can be extended to the model classes reviewed in the preceding 
paragraph. Developments in this direction would provide statistically 
grounded alternatives to TADA-type or simulation-based fitting proce-
dures much more broadly. More generally, we view the development of 
fast and reliable likelihood algorithms for increasingly general classes 
of DDMs as an important direction for future work.
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Appendix A. Proof of Theorem  4.1

Here we present a self-contained derivation of both (5) and (6) 
using Kolmogorov forward equations. The connections of diffusion 
processes and partial differential equations (PDEs) are well-established 
results in stochastic analysis and can be found in standard references, 
such as Karatzas and Shreve (1991), Øksendal and Øksendal (2003) 
and Weinan et al. (2021). This approach has the advantage of being 
easily generalizable to more complex diffusion processes and two-sided 
boundaries. 

Proof of Theorem  4.1.1.  Without loss of generality we assume 𝑏 > 𝑥0
(i.e. 𝑥 = 𝑏 is the upper boundary). Denote the NPD under P𝑥0  by 𝑢(𝑥, 𝑡)
where 𝑥 < 𝑏. It satisfies the following initial–boundary value problem of 
the Kolmogorov forward equation6 (see the Chapter 8 of Weinan et al. 
(2021)): 

𝑢𝑡 = −𝜇𝑢𝑥 +
1
2
𝜎2𝑢𝑥𝑥 for 𝑡 > 0, 𝑥 ∈ (−∞, 𝑏)

𝑢(𝑥, 0) = 𝛿(𝑥 − 𝑥0) for 𝑥 ∈ (−∞, 𝑏)

𝑢(𝑏, 𝑡) = 0 for 𝑡 > 0

(A.1)

where 𝛿(⋅) is the Dirac delta measure at 0. To solve (A.1), let

𝑢(𝑥, 𝑡) = 𝑒
𝜇
𝜎2

(𝑥−𝑥0)−
𝜇2

2𝜎2
𝑡𝑣(𝑥 − 𝑥0, 𝑡),

and 𝑣 is the Green’s function that satisfies
𝑣𝑡 =

1
2
𝜎2𝑣𝑦𝑦 for 𝑡 > 0, 𝑦 ∈ (−∞, 𝑏 − 𝑥0)

𝑣(𝑦, 0) = 𝛿(𝑦) for 𝑦 ∈ (−∞, 𝑏 − 𝑥0)

𝑣(𝑏 − 𝑥0, 𝑡) = 0 for 𝑡 > 0

By method of images, we get

𝑣(𝑦, 𝑡) = 1
√

2𝜋𝜎2𝑡

(

𝑒−
𝑦2

2𝜎2 𝑡 − 𝑒−
(𝑦−2(𝑏−𝑥0))

2

2𝜎2 𝑡
)

Correspondingly, 

𝑢(𝑥, 𝑡) = 1
√

2𝜋𝜎2𝑡
𝑒

𝜇
𝜎2

(𝑥−𝑥0)−
𝜇2

2𝜎2
𝑡
(

𝑒−
(𝑥−𝑥0)

2

2𝜎2 𝑡 − 𝑒−
(𝑥+𝑥0−2𝑏)

2

2𝜎2 𝑡
)

(A.2)

for 𝑥 < 𝑏. ■

Proof of Theorem  4.1.2.  Here we prove the case where 𝑏 > 𝑥0 and 
𝜇 ≥ 0. Denote the density of 𝜏𝑏 under P𝑥0  as 𝑓𝜏𝑏 (𝑡), by definition

𝑓𝜏𝑏 (𝑡) = − d
d𝑡
P𝑥0 (𝜏𝑏 > 𝑡)

P𝑥0 (𝜏𝑏 > 𝑡) = ∫ 𝑏
−∞ 𝑢(𝑥, 𝑡) d𝑥 represents the net probability flow rate 

through 𝑥 = 𝑏 (see the Chapter 8 of Weinan et al. (2021)). We can 
further use the PDE (A.1) to continue to write

𝑓𝜏𝑏 (𝑡) = − d
d𝑡 ∫

𝑏

−∞
𝑢(𝑥, 𝑡) d𝑥

= −∫

𝑏

−∞
𝑢𝑡(𝑥, 𝑡) d𝑥

= −∫

𝑏

−∞

(

−𝜇𝑢𝑥(𝑥, 𝑡) +
1
2
𝜎2𝑢𝑥𝑥(𝑥, 𝑡)

)

d𝑥

= 𝜇 ∫

𝑏

−∞
𝑢𝑥(𝑥, 𝑡) d𝑥 − 1

2
𝜎2 ∫

𝑏

−∞
𝑢𝑥𝑥(𝑥, 𝑡) d𝑥

= 𝜇(𝑢(𝑏, 𝑡) − 𝑢(−∞, 𝑡)) − 1
2
𝜎2(𝑢𝑥(𝑏, 𝑡) − 𝑢𝑥(−∞, 𝑡))

= −1
2
𝜎2𝑢𝑥(𝑏, 𝑡)

𝑢 is given by (A.2), from which we can compute

𝑓𝜏𝑏 (𝑡) =
𝑏 − 𝑥0

√

2𝜋𝜎2𝑡3
𝑒−

(

𝑏−𝑥0−𝜇𝑡
)2

2𝜎2 𝑡 ■

6 Also known as Fokker–Planck equation in physics.
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Appendix B. Log-concavity of the likelihood (9)

In this section we prove that the likelihood function (9) is a strict 
log-concave function of 𝜇. It suffices to show that 𝜕2

𝜕𝜇2
log 𝑓aDDM(𝜏;𝜇) <

0.
When 𝜏 ≤ 𝑇 , we have 𝜕2

𝜕𝜇2
log 𝑓aDDM(𝜏;𝜇) = −𝜏 < 0; When 𝜏 > 𝑇 , we 

write

𝑓aDDM(𝜏;𝜇) =∫

𝑏

−∞

1
√

2𝜋𝑇
𝑒𝜇𝑥−

𝜇2
2 𝑇

(

𝑒−
𝑥2
2𝑇 − 𝑒−

(𝑥−2𝑏)2
2𝑇

)

× 𝑏 − 𝑥
√

2𝜋(𝜏 − 𝑇 )3
𝑒−

(𝑏−𝑥)2
2(𝜏−𝑇 ) d𝑥

≜ 𝑒−
𝜇2
2 𝑇

2𝜋
√

𝑇 (𝜏 − 𝑇 )3 ∫

𝑏

−∞
𝑒𝜇𝑥𝑔(𝑥) d𝑥

where

𝑔(𝑥) ≜ (𝑏 − 𝑥)
(

𝑒−
𝑥2
2𝑇 − 𝑒−

(𝑥−2𝑏)2
2𝑇

)

𝑒−
(𝑏−𝑥)2
2(𝜏−𝑇 )

is independent of 𝜇. When 𝜇 is in any compact sub-interval in R, 
|𝑥𝑒𝜇𝑥𝑔(𝑥)| and |𝑥2𝑒𝜇𝑥𝑔(𝑥)| can be easily dominated by 𝐿1 functions, 
hence by Lebesgue’s dominated convergence theorem we have
𝜕
𝜕𝜇 ∫

𝑏

−∞
𝑒𝜇𝑥𝑔(𝑥) d𝑥 = ∫

𝑏

−∞
𝑥𝑒𝜇𝑥𝑔(𝑥) d𝑥

𝜕2

𝜕𝜇2 ∫

𝑏

−∞
𝑒𝜇𝑥𝑔(𝑥) d𝑥 = ∫

𝑏

−∞
𝑥2𝑒𝜇𝑥𝑔(𝑥) d𝑥

and consequently, 

𝜕2

𝜕𝜇2
log 𝑓aDDM(𝜏;𝜇) = −𝑇 +

∫ 𝑏
−∞ 𝑥2𝑒𝜇𝑥𝑔(𝑥) d𝑥

∫ 𝑏
−∞ 𝑒𝜇𝑥𝑔(𝑥) d𝑥

−

(

∫ 𝑏
−∞ 𝑥𝑒𝜇𝑥𝑔(𝑥) d𝑥

∫ 𝑏
−∞ 𝑒𝜇𝑥𝑔(𝑥) d𝑥

)2

(B.1)

Define the exponential tilting of 𝑔 as

ℎ𝜇(𝑥) =
𝑒𝜇𝑥𝑔(𝑥)

∫ 𝑏
−∞ 𝑒𝜇𝑥𝑔(𝑥) d𝑥

ℎ𝜇(𝑥) is a probability density function on (−∞, 𝑏). Let 𝑌𝜇 be a random 
variable with density ℎ𝜇(𝑥), then we can interpret Eq. (B.1) as 
𝜕2

𝜕𝜇2
log 𝑓aDDM(𝜏;𝜇) = −𝑇 + Var[𝑌𝜇] (B.2)

Let 𝑉 (𝑥) = − logℎ𝜇(𝑥) so that ℎ𝜇(𝑥) = 𝑒−𝑉 (𝑥), we can compute that

𝑉 ′′(𝑥) = 1
𝑇

+ 1
𝜏 − 𝑇

+ 1
(𝑥 − 𝑏)2

+
( 2𝑏
𝑇

)2 𝑒
2𝑏
𝑇 (𝑥−𝑏)

(

1 − 𝑒
2𝑏
𝑇 (𝑥−𝑏))2

> 1
𝑇

+ 1
𝜏 − 𝑇

i.e., 𝑉  is 1𝑇 + 1
𝜏−𝑇 -strongly convex. By Poincaré’s inequality for strictly 

log-concave measures (see, for example Proposition 10.1 of Saumard 
and Wellner (2014)) we have
Var[𝑌𝜇] ≤

1
1
𝑇 + 1

𝜏−𝑇

= 𝜏 − 𝑇
𝜏

𝑇 < 𝑇

Hence from Eq. (B.2) we have 𝜕2

𝜕𝜇2
log 𝑓aDDM(𝜏;𝜇) < 0 for 𝜏 > 𝑇 . ■

Appendix C. Regularity conditions for the consistency of 𝝁ML𝒏

When 𝜏1,… , 𝜏𝑛 are independent and identically distributed as 𝜏, we 
can show the consistency of 𝜇ML𝑛 = 𝜇ML𝑛 (𝜏1,… , 𝜏𝑛).

First, we write the likelihood equation 
𝜕
𝜕𝜇

𝓁aDDM𝑛 (𝜇 ∣ 𝜏1,… , 𝜏𝑛) = 0 (C.1)

where 𝓁aDDM𝑛 (𝜇 ∣ 𝜏1,… , 𝜏𝑛) ≜ −
∑𝑛

𝑖=1 log 𝑓aDDM(𝜏𝑖;𝜇) is the negative 
log-likelihood function. We prove that Eq. (C.1) has a root 𝜇𝑛 =
𝑛̂(𝜏1,… , 𝜏𝑛) that converges to the true value 𝜇0 in probability by 
verifying the following regularity conditions (see theorem 6.3.7 of 
Lehmann and Casella (2006)):



S. Liu et al. Journal of Mathematical Psychology 130 (2026) 103004 
• Identifiability: We aim to show that 𝑓aDDM(𝜏;𝜇1) = 𝑓aDDM(𝜏;𝜇2)
for all 𝜏 > 0 implies 𝜇1 = 𝜇2. Considering when 𝜏 ≤ 𝑇 , 
𝑓aDDM(𝜏;𝜇1) = 𝑓aDDM(𝜏;𝜇2) immediately leads to
(𝑏 − 𝜇1𝜏)2 = (𝑏 − 𝜇2𝜏)2

holds for any 0 < 𝜏 ≤ 𝑇 , so either 𝜇1 = 𝜇2 or (𝜇1 + 𝜇2)𝜏 = 2𝑏
for 0 < 𝜏 ≤ 𝑇 . The latter case implies 𝜇1 + 𝜇2 = 𝑏 = 0, which 
contradicts the fact that 𝑏 is positive, so 𝜇1 must equal 𝜇2. When 
𝜏 > 𝑇 , 𝜇1 = 𝜇2 automatically gives 𝑓aDDM(𝜏;𝜇1) = 𝑓aDDM(𝜏;𝜇2). 
Hence, we conclude that 𝜇1 = 𝜇2.

• Common support: We claim that for any 𝜇 ∈ R, 𝑓aDDM(𝜏;𝜇) has 
common support 𝜏 ∈ (0,∞). When 0 < 𝜏 ≤ 𝑇  this is obvious; 
when 𝜏 > 𝑇 , Lemma  4.4 implies 𝜑

(

(𝑇𝜇 + 𝑏)
√

𝜏−𝑇
2𝑇 𝜏

)

> 𝜑
(

(𝑇𝜇 −

𝑏)
√

𝜏−𝑇
2𝑇 𝜏

)

 where 𝜑(𝑥) ≜ 𝑥𝑒𝑥2 Erfc(𝑥). This inequality establishes 
the positivity of 𝑓aDDM(𝜏;𝜇).

• The true 𝜇 lies in the interior of the parameter space R as R is an 
open set.

• For a.e. 𝜏, 𝑓aDDM(𝜏;𝜇) is differentiable w.r.t. 𝜇.
so 𝜇𝑛 converges in probability to the true 𝜇 as 𝑛 → ∞.

In Appendix  B we have proven that log 𝑓aDDM(𝜏;𝜇) is a strictly 
concave function of 𝜇, so ̂𝜇𝑛 is in fact the maximum likelihood estimator 
𝜇ML𝑛 . So 𝜇ML𝑛  is consistent.

Appendix D. Supplemental derivations

D.1. Derivation of Eq. (9)

When 𝜏 > 𝑇 , we have
𝑓aDDM(𝜏;𝜇)

=∫

𝑏

−∞

1
√

2𝜋𝑇
𝑒𝜇𝑥−

𝜇2

2 𝑇
(

𝑒−
𝑥2
2𝑇 − 𝑒−

(𝑥−2𝑏)2
2𝑇

)

𝑏−𝑥
√

2𝜋(𝜏−𝑇 )3
𝑒−

(𝑏−𝑥)2
2(𝜏−𝑇 ) d𝑥

≜𝐼1 − 𝐼2
where

𝐼1 ≜ ∫

𝑏

−∞

1
√

2𝜋𝑇
𝑒𝜇𝑥−

𝜇2
2 𝑇 𝑒−

𝑥2
2𝑇 𝑏−𝑥

√

2𝜋(𝜏−𝑇 )3
𝑒−

(𝑏−𝑥)2
2(𝜏−𝑇 ) d𝑥

𝐼2 ≜ ∫

𝑏

−∞

1
√

2𝜋𝑇
𝑒𝜇𝑥−

𝜇2
2 𝑇 𝑒−

(𝑥−2𝑏)2
2𝑇 𝑏−𝑥

√

2𝜋(𝜏−𝑇 )3
𝑒−

(𝑏−𝑥)2
2(𝜏−𝑇 ) d𝑥

We can compute

𝐼1 =∫

𝑏

−∞

1
√

2𝜋𝑇
𝑏−𝑥

√

2𝜋(𝜏−𝑇 )3
𝑒𝜇𝑥−

𝜇2
2 𝑇− 𝑥2

2𝑇 − (𝑏−𝑥)2
2(𝜏−𝑇 ) d𝑥

(Complete the square)

=∫

𝑏

−∞

1
√

2𝜋𝑇
𝑏−𝑥

√

2𝜋(𝜏−𝑇 )3
𝑒−

(𝑇𝜇−𝑏)2
2𝜏 𝑒−

𝜏
2𝑇 (𝜏−𝑇 ) (𝑥−𝑇𝜇−

𝑇 𝑏
𝜏 + 𝑇 2𝜇

𝜏 )2 d𝑥

(Let 𝑀1 =
𝜏−𝑇
𝜏 (𝑇𝜇 − 𝑏), 𝑁 = 𝜏−𝑇

𝜏 )

= 𝑒−
(𝑇𝜇−𝑏)2

2𝜏

2𝜋
√

𝑇 (𝜏−𝑇 )3 ∫

𝑏

−∞
(𝑏 − 𝑥)𝑒−

(𝑥−𝑀1−𝑏)
2

2𝑇𝑁 d𝑥

(Let 𝑦 = −𝑥 +𝑀1 + 𝑏)

= 𝑒−
(𝑇𝜇−𝑏)2

2𝜏

2𝜋
√

𝑇 (𝜏−𝑇 )3 ∫

∞

𝑀1

(𝑦 −𝑀1)𝑒
− 𝑦2

2𝑇𝑁 d𝑦

= 𝑒−
(𝑇𝜇−𝑏)2

2𝜏

2𝜋
√

𝑇 (𝜏−𝑇 )3

(

∫

∞

𝑀1

𝑦𝑒−
𝑦2

2𝑇𝑁 d𝑦 −𝑀1 ∫

∞

𝑀1

𝑒−
𝑦2

2𝑇𝑁 d𝑦
)

= 𝑒−
(𝑇𝜇−𝑏)2

2𝜏

2𝜋
√

𝑇 (𝜏−𝑇 )3

(

𝑇𝑁𝑒−
𝑀2

1
2𝑇𝑁 −𝑀1

√

𝜋𝑇𝑁
2 Erfc

(

𝑀1
√

2𝑇𝑁

))

(Substitute 𝑀1, 𝑁 , and simplify)

= 𝑇 𝑒−
(𝑇𝜇−𝑏)2

2𝑇
√ − 𝑒−

(𝑇𝜇−𝑏)2
2𝜏

√ (𝑇𝜇 − 𝑏) Erfc
(

(𝑇𝜇 − 𝑏)
√

𝜏−𝑇
)

2𝜋𝜏 𝑇 (𝜏−𝑇 ) 2 2𝜋𝜏3 2𝑇 𝜏
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and similarly

𝐼2 =∫

𝑏

−∞

1
√

2𝜋𝑇
𝑏−𝑥

√

2𝜋(𝜏−𝑇 )3
𝑒𝜇𝑥−

𝜇2
2 𝑇− (𝑥−2𝑏)2

2𝑇 − (𝑏−𝑥)2
2(𝜏−𝑇 ) d𝑥

(Complete the square)

=∫

𝑏

−∞

1
√

2𝜋𝑇
𝑏−𝑥

√

2𝜋(𝜏−𝑇 )3
𝑒−

(𝑇𝜇+𝑏)2
2𝜏 +2𝜇𝑏𝑒−

𝜏
2𝑇 (𝜏−𝑇 ) (𝑥−𝑇𝜇+

𝑇 𝑏
𝜏 + 𝑇 2𝜇

𝜏 −2𝑏)2 d𝑥

(Let 𝑀2 =
𝜏−𝑇
𝜏 (𝑇𝜇 + 𝑏), 𝑁 = 𝜏−𝑇

𝜏 )

= 𝑒−
(𝑇𝜇+𝑏)2

2𝜏 +2𝜇𝑏

2𝜋
√

𝑇 (𝜏−𝑇 )3 ∫

𝑏

−∞
(𝑏 − 𝑥)𝑒−

(𝑥−𝑀2−𝑏)
2

2𝑇𝑁 d𝑥

(Let 𝑦 = −𝑥 +𝑀2 + 𝑏)

= 𝑒−
(𝑇𝜇+𝑏)2

2𝜏 +2𝜇𝑏

2𝜋
√

𝑇 (𝜏−𝑇 )3 ∫

∞

𝑀2

(𝑦 −𝑀2)𝑒
− 𝑦2

2𝑇𝑁 d𝑦

= 𝑒−
(𝑇𝜇+𝑏)2

2𝜏 +2𝜇𝑏

2𝜋
√

𝑇 (𝜏−𝑇 )3

(

∫

∞

𝑀2

𝑦𝑒−
𝑦2

2𝑇𝑁 d𝑦 −𝑀2 ∫

∞

𝑀2

𝑒−
𝑦2

2𝑇𝑁 d𝑦
)

= 𝑒−
(𝑇𝜇+𝑏)2

2𝜏 +2𝜇𝑏

2𝜋
√

𝑇 (𝜏−𝑇 )3

(

𝑇𝑁𝑒−
𝑀2

2
2𝑇𝑁 −𝑀2

√

𝜋𝑇𝑁
2 Erfc

(

𝑀2
√

2𝑇𝑁

))

(Substitute 𝑀2, 𝑁 , and simplify)

= 𝑇 𝑒−
(𝑇𝜇−𝑏)2

2𝑇

2𝜋𝜏
√

𝑇 (𝜏−𝑇 )
− 𝑒−

(𝑇𝜇+𝑏)2
2𝜏 +2𝜇𝑏

2
√

2𝜋𝜏3
(𝑇𝜇 + 𝑏) Erfc

(

(𝑇𝜇 + 𝑏)
√

𝜏−𝑇
2𝑇 𝜏

)

Subtract 𝐼2 from 𝐼1 yields the desired result in (9). ■

D.2. Derivation of Eq. (20)

E[𝜏1𝜏≤𝑇 ] =∫

𝑇

0

𝑏
√

2𝜋𝑡
𝑒−

(𝜇𝑡−𝑏)2
2𝑡 d𝑡

= 𝑏
√

2𝜋𝜇 ∫

𝑇

0

(

𝜇𝑡+𝑏
2𝑡3∕2

+ 𝜇𝑡−𝑏
2𝑡3∕2

)

𝑒−
(𝜇𝑡−𝑏)2

2𝑡 d𝑡

= 𝑏
√

2𝜋𝜇

(

∫

𝑇

0

𝜇𝑡+𝑏
2𝑡3∕2

𝑒−
(𝜇𝑡−𝑏)2

2𝑡 d𝑡 + 𝑒2𝑏𝜇 ∫

𝑇

0

𝜇𝑡−𝑏
2𝑡3∕2

𝑒−
(𝜇𝑡+𝑏)2

2𝑡 d𝑡
)

(Let 𝑦 = 𝜇𝑡−𝑏
√

𝑡
, 𝑧 = 𝜇𝑡+𝑏

√

𝑡
, then d𝑦 = 𝜇𝑡+𝑏

2𝑡3∕2
d𝑡, d𝑧 = 𝜇𝑡−𝑏

2𝑡3∕2
d𝑡)

= 𝑏
√

2𝜋𝜇

(

∫

𝑇𝜇−𝑏
√

𝑇

−∞
𝑒−

𝑦2
2 d𝑦 + 𝑒2𝑏𝜇 ∫

𝑇𝜇+𝑏
√

𝑇

∞
𝑒−

𝑧2
2 d𝑧

)

= 𝑏
𝜇

(

1 − 1
2 Erfc

(

𝑇𝜇−𝑏
√

2𝑇

)

− 1
2 𝑒

2𝑏𝜇 Erfc
(

𝑇𝜇+𝑏
√

2𝑇

)

)

■

Data availability

Research Link Provided
simulated first passage time datasets (Original data) (Github)
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